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Abstract Planar Parallel Mechanisms (PPMs) with full rotational capability
(FRPPMs) are essential for applications that demand precise, high-speed mo-
tion and continuous 360-degree orientation control, overcoming the workspace
limitations and singularities inherent to conventional 3-DOF architectures.
Kinematic redundancy is commonly applied in robotic systems to achieve
full rotation; however, it generally leads to hybrid structures that compro-
mise the original manipulator’s load transfer properties. This paper focuses
on an existing redundantly actuated FRPPM that preserves the structural
advantages of a purely parallel architecture while providing geometric adapt-
ability and reconfigurability. The study investigates and extends the instan-
taneous kinematic model by explicitly incorporating the platform’s passive
rotation angle into the formulation. Additionally, a workspace optimization
strategy based on the transmission angle is proposed to enhance motion and
force transmission while avoiding near-singular configurations. This approach
improves the operational efficiency and adaptability of the mechanism in con-
fined or irregular environments, providing a consistent and robust framework
for high-performance planar motion with unlimited orientation capability.
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1 Introduction

A FRPPM is a type of PPM that provides continuous 360-degree rotation
(full rotation) around an axis in the plane [1]. These FRPPM are often used
in applications that require precise, high-speed planar motion with full ori-
entation control. Traditional 3-DOF architectures, such as the 3-RPR and
3-PRR, are often limited to less than 180° due to singularities [1]. To over-
come this drawnback, Gosselin et al. [1] introduced kinematically redundant
PPM with 4-DOF, enabling full-cycle rotation by avoiding these singular
configurations.

While kinematic redundancy is widely recommended to mitigate singular-
ities [2, 3] by adding actuators or joints, some strategies result in hybrid
designs that compromise the parallel structure’s load transfer properties.
In contrast, Variable-Configuration Parallel Manipulators with Self-Aligning
(VCPMSA) offer structural adaptability in the base, legs, or platform [4]
without affecting the end-effector’s motion characteristics. Utilizing passive
or null DOF, VCPMSA like the TRIFLEX I and II [4, 5], the KCL/TJU
metamorphic hand [6], Tetraflex [7], feature reconfigurable bases and self-
aligning joints. These attributes provide adjustable workspaces, geometric
adaptability for confined environments, and enhanced portability.

This paper focuses on the FRPPM proposed by [1] which can change
the base geometry and become a VCPMSA. This work extends the original
instantaneous kinematics model by incorporating the platform’s passive angle
and applying workspace optimization based on the transmission quality.

2 A geometric approach to the generalized full
rotational planar mechanism

Figure 1 illustrates the generalized VCPMSA, part of a family proposed by
Gosselin et al. [1]. This 4-PRR configuration comprises four identical legs
organized into two kinematic loops (i = 1,2), where each loop is defined by
the connection of two legs corresponding to a branch index 5 = 1, 2. The four
legs are identified using double subscript notation éj (11, 12, 21, and 22), with
1 denoting the loop and j the leg within that loop. Each leg ¢5 comprises a link
of length a;; and an actuated prismatic joint with displacement d;;, which,
by being fixed to the ground, allows the manipulator to achieve variable
configuration properties.

The end-effector consists of link e; (as shown in Fig. 1), with its position
defined by the coordinates of point F and its orientation described by angles
a. Redundancy is introduced through the additional actuated leg 22, which
provides the control input angle ¢ and, as noted by Gosselin et al. [1], enables
the end-effector to perform unlimited rotation about point F.
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Fig. 1: Generalized full rotation VCPMSA. Adapted from Gosselin et al. [1].

2.1 Geometric Modelling

Inspecting Fig. Mathematical formulation for each leg provides:

Bij = Aij +dijvij (1)
(€.~ Bij) (Ci— By) = )

Substituting Eq. (1) into Eq. (2) and solving the dot product yields:
A3+ 2dij(vij - wij) + wij - wij —a;; =0 (3)

where wi; = A;; — Cj.

By inspecting the VCPMSA, the relationship between the serial chain
connecting C7 and Cs, the position of the revolute joint E, and each of the
kinematic closed loops can be established as follows. For kinematic loop i = 1
and kinematic loop ¢ = 2, respectively,

E=C+eifcq sa]T E = Cy + e2[cayp s(w]T (4)

where s, and ¢, are sin(x) and cos(x), respectively.

Equations (3) and (4) provide the closure loop with input variables given
by the prismatic joint displacements composing the tuple d = [d1 di2 do1 daz]”
while the Cartesian variables are the coordinates in the x,y,-plane augmented
by the angles o and ¢, composing the output tuplex = [E, E, a (p]T.
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2.2 Position Analysis

Inverse Position Analysis (IPA): The IPA of a VCPMSA is the deter-
mination of the actuated joint variables values, i.e., d = [dll dia do1 dgg]T
compatible with one assigned platform pose x = [EZ E, o go}T. Solving the

closure Eq. (3), the IPA solution is given by

di; = <7da + \/m) /2d, (5)

where da = Q(Vij . (A” — Ci)), and db = (AU - Cz) . (A” - Cl) - (112]
Forward Position Analysis (FPA): The Forward Position Analysis (FPA)
of the VOPMSA determines the pose x = [E, E, o ¢|T from the actuated-
joint variables d = [di1 di2 do1 dao]T. After computing B;; via Eq. (1),
coordinates of C; are found by intersecting circles centered at B;; with radii

a;j. In the auxiliary vgvg, -frame defined by R; = [vg vg, |, where vg =
(Bi2 — B;1)/||Biz — Bi1]|, the local coordinates are calculated as follows,
Cip = L a}y — a}y + ||Biz — Ba||?
5 =

2||Bio — Bl |£v/4a3i[Biz — Bl = (af — a3, + [ Biz — Bar[[?)?
(6)
The global coordinates C; = R;C;g allow for the calculation of point £
following the same logic using links e;, e2 and rotation matrix R, = [v, v, |
for v, = (Cy — C1)/||C2 — C1||. The resulting E = R, E, defines the platform
pose, while the orientation is given by a = atan2(E, —C4y, E; —C1). Finally,
the angle ¢ is found via ¢ = signal(E.,,) cos™*(((C2 — E) - (Cy — E))/(e1e2)),
using the chosen signal for I, from the local frame derivation.

3 Instantaneous kinematics

The FIKP (Forward instantaneous kinematics position) involves computing
the platform twist (or the time derivatives of pose-defining variables) given
the actuated joint rates. Conversely, the IIKP Inverse instantaneous kine-
matics position) consists of determining the required actuated joint rates
for a known platform twist or known time derivatives of the platform pose
variables.

For the VCPMSA, time derivative of Eq. (3) yields
dij (dij + vij - (Aig = C3)) + Ci - (=dijviy — (Ayg = C)) = 0. (7)
Isolating C; in Eq. (4), followed by taking the time derivative of each

expression, yields C; = E — e1vad and Cy = F — e2Vayu (& + ¢) where
Vo = [sina cosall and va, = [sin(a + ¢) cos(a + ¢)]T. Substituting
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these results into Eq.(7) yields four differential relationships, which can be
compactly expressed in matrix form as follows:

kll 0 0 0 d:ll ri f11 0 Ex
0 k12 0 0 | |di2 rio fiz 0| |E, : .

. = . = M d = Mm . 8
0 0 kn 0 |dy ro1 g21 9o | | ¢ ¢ X (8)
0 0 0 k22| [do rog go22 go2| | &

where kij = d;ij+vij-(Aij —Cy), fij = —€iva - (dijvij+ (A5 —C;)) and g;; =
—€i Vagy - (dijvij + (Aij — C;)) are scalar values and r;; = [d;jvi; + (Ai; — Cy)]
a row vector.

3.1 Singularities Analysis

Singularities in parallel manipulators represent configurations where the map-
ping between platform twist and joint rates breaks down, categorized into
Type-I (unsolvable ITKP kinematics), Type-II (unsolvable FIKP kinemat-
ics), and Type-IIT (both). For the VCPMSA, Type-I singularities occur when
the kinematic matrix My becomes rank-deficient, defined by the condition
det(My) = Hle H§=1(dij +vi; - (Aij — C;)) = 0. Geometrically, this hap-
pens when the projection of (C; — A;;) along the unit vector v;; equals d;;,
meaning the segment (C; — B;;) is perpendicular to v;;.

Type-II singularities arise when det(M,) = 51525, = 0. Here, S; = || B;; X
C; 4+ C; X B;a + By X By1|| represents the area of the triangle formed by Bj1,
C;, and By, while S, = ejeasin(p)/2 is the area of the triangle formed by
Ci1, E, and Cy. Geometrically, this occurs when links a;; and a;2 become
collinear or when links e; and ey align at ¢ = k7 rad. Type-III singularities
occur when both S; = 0 and the segment (C; — B;;) is perpendicular to v;;.

4 Performance Index

The transmission quality (or transmission angle) is a key performance pa-
rameter linked to smooth motion transmission, singularity avoidance, and
mechanical advantage [8]. While adequate angles (typically 40° to 140°) en-
sure efficient force transmission at low speeds, high-speed performance also
requires considering dynamic balancing and stiffness [?].

Furthermore, transmission angles indicate sensitivity to mechanical errors
and the proximity of singularities [9]. For the VCPMSA (Fig. 1), three trans-
mission angles are analyzed: ; (triangles B;;C;B;2) and ¢ (triangle C1 EC5).

Singularities are avoided by maximizing the triangle area H; = (1% sin 3;)/2,
which occurs at 8; = 7/2 4+ nw. Consequently, this study adopts an optimal
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90° transmission angle, constrained between 40° and 140° for simulations.
Similarly, S, is maximized at ¢ = w/24nm, consistent with [1]; thus, ¢ = 7/2
rad is used for subsequent analyses.

4.1 Workspace optimization analysis

The workspace analysis of the VCPMSA assumes that are known parameters
such as base points A;;, link lengths a;; and e;, and the prismatic joint direc-
tions defined by the unit vector v;; = [cos(6;;) sin(6;;)]T with displacement
limits h;;. Each leg ij generates a sub-workspace SW;; designed to allow full
rotation around point E, bounded by two lines parallel to v;; at distances
of +(a;; — e;) and two circular segments centered at A;; and D;; with radii
aij + € and Q5 — €.

The final boundaries of each SW;; are determined by the intersection
points of these geometric limits, as illustrated in Fig. 2a. To determine
the overall workspace W of the VCPMSA, the geometric intersection of all
four individual leg sub-workspaces is calculated, resulting in the shared area
where W equals the intersection of SWy1, SWia, SWoy, and SWoy. This ap-
proach ensures that the manipulator’s reachable configurations satisfy the
constraints of all four legs simultaneously.

4.2 Useful Workspace and the performance analysis

For the VCPMSA, the objective is to maximize the intersection of leg sub-
workspaces SW;;. While individual SW;; are elongated along the axis v;; ,
their intersection produces a truncated, limited workspace of reduced practi-
cal utility. This study proposes the inscription of a square SQ;; within each
SW;; . This methodology yields a square or near-square global workspace
W, optimizing both the effective prismatic displacement and the resulting
intersection region.

Defining the useful sub-workspace SQ;; as a square, and given the link
lengths a;; and e;, the coordinates of A;; and the vector v;;, the coordinates
of Dij are obtained as D,‘j = Aij + hijvij, with ht] = 3&1']‘ — €; representing
the effective prismatic displacement, yielding a square sub-workspace SQ;;
with side length L = 2(a;; — e;), as shown in Fig. 2b.
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Fig. 2: (a) Sub-workspace SWj; to the leg ij. (b) Square sub-workspace SQ;;.

5 Dimensional analysis

Maximum intersection of the square sub-workspaces SQ;; occurs when they
coincide, requiring vectors v;; to be parallel or perpendicular. Setting e; =1
L.u. (where Lu. stands for ’length units’) yields a;; = (L/2+ 1), and the anal-
ysis identifies six distinct orientation combinations K, (611, 012,621, 622), n €
{a,b,¢c,d, e, f}. Without loss of generality, these configurations are defined by
0;; € {0,7/2,m,3m/2} rad, specifically: K,(0,7/2,0,37/2), K;(0,7/2, 7, 31/2),
K (0,m,7m/2,31/2), Kq(0,7/2,0,7/2), K.(0,7/2,0,7), and K;(0,7,0,7), as
shown in the Fig. 3.

To determine the optimal configuration, each combination is evaluated
based on the maximum and minimum transmission angles [7, 10] throughout
the full rotation of the end-effector. For a given square side length L = 8
Lu. yields a;; = 5 Lu.. For the sub-workspace SQ);; centered at the Carte-
sian origin, the coordinates are defined as A;; = —2a;;v;; = —10v;; and
D;; = (aij —e;)vi; = 4v;;. This configuration provides an effective prismatic
displacement range of h;; = 14 lL.u.

5.1 Discussion

Figure 4 shows the dimensional analysis demonstrating, that the orientation
of the prismatic joint axes, defined by the unit vectors v;;, governs the topo-
logical characteristics of the resultant workspace. While the six identified
combinations (K, through K) utilize identical geometric constraints, vari-
ations in v;; influence sub-workspace overlap and the transmission quality.
Consequently, the selection of v;; minimizes sensitivity to mechanical errors
and maximizes the distance from singular configurations by maintaining the
transmission angle within the 90° 4= 50° interval.
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Fig. 4: Workspace regions (yellow) with transmission angles in the 90° £ 50°

interval.

Results shown in Fig 4 regarding the transmission angle revealed that two
specific geometric configurations, K, and K, exhibit the largest effective
areas within the square workspace, improving the performance provided by
the initial structure (Ky). This advancement over the original 4-PRR model
provides a robust framework for high-performance planar motion with 360°
orientation control.
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6 Conclusion

This paper advances the 4-PRR Full-Rotational Planar Parallel Mechanism
(FRPPM) by extending the kinematic model formulated by Gosselin [1].
The research introduces a geometric optimization methodology prioritized
by transmission quality criteria rather than purely algebraic constraints.
By integrating the platform’s passive angle into a Variable-Configuration
(VCPMSA) framework, the proposed approach increases geometric adapt-
ability while maintaining inherent load transfer properties.

This procedure, applicable to other full-rotation mechanisms in the lit-
erature, enhances operational performance in diverse applications requiring
360-degree orientation control.
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