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Abstract This paper focuses on geometric methods for generating ratio-
nal motions used in the design of single-loop rational linkages, 1-degree-of-
freedom mechanisms that can execute prescribed spatial tasks. Building on
established rational motion synthesis methods, we introduce a new interpo-
lation scheme for seven 3D points based on cubic quaternionic Bézier curves.
The resulting motion directly allows synthesis of generating mechanisms via
known factorization technique. To support engineering practice, we provide
open-source CAD tools that implement also the other methods and provide
fast visual evaluation of motion generation and mechanism synthesis.

1 Introduction

In robot kinematics, the single-loop one degree of freedom (1-DoF) mecha-
nism synthesis problem for a prescribed set of points or poses, known as path
generation or motion generation, has attracted interest for decades. The 1-
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DoF property provides straightforward and energy-efficient design [?], but
its spatial applications are more limited than those in the planar or spherical
cases. One of the reasons is that in spatial kinematics the generation of 1-DoF
motion is more challenging. There is no meaningful distance metric in three-
dimensional special Euclidean group SE(3) [?], which, for example, hinders
numerical optimization techniques. Therefore, researchers have been investi-
gating algebraic ways for motion generation, and this study also utilizes these
findings.

In case of planar four-bar mechanisms, the motion generation is also known
as the Burmester Problem and was solved in multiple ways, for example with
five two-dimensional input poses [?]. The planar problem is closely related to
the spherical case, and the results presented share similarities [?]. Although
spatial interpolation schemes have been extensively studied [?], not all are
applicable here, as our interest is in low-degree continuous motions that guide
the origin — or the entire moving frame — through a given set of points or
poses, enabling the synthesis of a 1-DoF mechanism via factorization theory.
As is known, there exists only one spatial closed-chain four-bar linkage class
(the Bennett mechanism), and there are algebraic methods that construct the
Bennett motion that can achieve three given poses [?] or five points [?]. The
resulting motion is parameterized by a rational function and the parameter
corresponds directly to the driving joint angle [?]. The design parameters
of the mechanism can then be obtained using the theory of rational motion
factorization [?], which decomposes the motion curve into linear factors that
represent rotations (materialized by revolute joints). This powerful algebraic
algorithm can also be applied to motions of higher degree, as applied in
[?] for four arbitrary poses in space interpolated by a cubic motion, which
corresponds to 1-DoF six-bar mechanisms.

In this paper, we extend the motion generation methodology of [?], provide
updated explicit formulas for the case of interpolation through five points,
and introduce the interpolation scheme for seven points in a similar manner.
The output motions are returned in a factorizable form, i.e. the four- and
six-bar mechanism synthesis can be performed immediately. Additionally, an
open-source implementation is provided not only for these new interpolation
methods, but also for the algorithms of [?][?], including mechanism synthesis
using the factorization method, all as an interactive CAD tool (see video in
(7))

The paper is organized as follows: Sect. [2| covers mathematical prelimi-
naries; Sect. [3| reviews interpolation methods for three and four poses before
addressing the five- and seven-point cases; and Sect. provides the imple-
mentation details and references to the supplementary material.
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2 Mathematical Preliminaries

To represent proper rigid body motions of the special Euclidean group SE(3),
we use dual quaternions DH = {p + eq | p,q € H,e? = 0}, alternatively
known as Study parameters. They extend regular quaternions H 22 R* in the
following way. Given quaternions p, ¢, a dual quaternion ¢ can be written as

c=p+eq=po+ pii+pej+ psk+elqo+ @i+ g2j + gsk), (1)

where ¢ is the dual unit that squares to zero. The conjugation of dual
quaternions is defined as ¢* := p* + £¢* and the e-conjugation is defined
as ¢ '=p — &q.

The elements of DH which lie in the Study quadric S C DH

S={p+eq|pg +qp* =2(pogo + p1q1 + p2q2 + p3q3) = 0} (2)

represent a rigid body displacement. For more details, including the excep-
tional space on S or dual quaternion multiplication rules, see [?, Chap. 13].

We will identify 3D points x = (x1,72,73) € R? with imaginary quater-
nions x = z1i + zoj + 23k € Im(]I—]I)H7 i.e. quaternions with zero first entry
xo = 0. Using this identification, we associate a point p 4+ g on the Study
quadric with a 3D point using the map m

m(p+eq) = qp* /pp* = qp~ ', (3)

where p~! = p*/pp* is an inverse quaternion. The action of a dual quaternion

¢ =p-+eqon a point = is then
zpxp 4+ qp L. (4)

Note that the first summand corresponds to the rotational part of the
displacement, while the second summand describes the translational part.
Therefore, maps a dual quaternion to the image of the origin under this
displacement, i.e., the map m extracts the coordinates of the origin of the
displaced frame.

A one-parametric motion corresponds to a curve of a form C(t) € S and
can be written in the form of a dual quaternion polynomial C' = p + eq €
DH][t]. Tt describes a rigid body motion if and only if CC* € R[t] \ {0}, i.e. it
lies on the Study quadric (C(t) € S) or equivalently, gp*, gp~! € Im(H]t]).
The trajectories of points in these motions follow rational trajectories param-
eterized by ¢. As mentioned above, C(t) can be factorized [?] to synthesize
mechanisms.

! For some conventions, e.g. [?], x = f%(xli + x2j + x3k) is required.
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3 Methods to Construct Rational Motions
3.1 Quadratic Motion through 3 Poses

Three poses cq.o define a plane in the space of dual quaternions uniquely.
This plane intersects S in in a conic, which is the quadratic motion curve
to be constructed. Such curves were classified and studied extensively in [?].
According to [?] the conics passing through ¢y o can be parameterized in the
form

C(t) = acy + (c1 — acy — Bea)t + Beat?, (5)

where o and 8 must be chosen so that the entire curve lies on S. Substitution
of C'(¢) into S produces a quartic equation M(t) in ¢. Due to the parameteri-
zation in the coefficients of t° and ¢* in M (t) vanish and it factorizes into
M(t) = t(t—1)G(t) with a linear polynomial G(¢). This must vanish indepen-
dently of ¢ and, therefore, its coefficients yield a linear system of equations
for o and 3.

3.2 Cubic Motion through 4 Poses

For interpolating four poses with a cubic motion, we give a short summary
of the algorithm presented in [?]. Four poses span a three-space in the dual
quaternions which intersects S in a quadric containing all four poses ¢ 3.
An interpolating cubic motion exists if this quadric contains straight lines.
Assuming such lines exist, the two straight lines through ¢y = 1 must contain
two Vectoriaﬂ dual quaternions k1 and ko. Any twisted cubic on the given
quadric must intersect one of these two lines in two points. Thus, let us
assume that it intersects the line t — ky twice and define ¢4 = XA — k; for
some A € R. The parameter values for which the cubic interpolates cg, ..., c4
are given by the parameters at which the rulings through the given poses
intersect the line parametrized by ¢ — k1. From this condition, we can compute

to = o0, t1,...,t4 = A. With these parameter values, we can compute the
Lagrange polynomial C' that interpolates A;c; at ¢; and indeterminates \; for
i=0,...,3. To also interpolate the last pose c4, we can solve C(t4) = Aycq

for A;. Note that the algorithm could also use ks as input which gives a second
solution. Further, the obtained polynomial depends on the chosen A, i.e., the
algorithm of [?] results in two sets of 1-parameter families of cubic motions.
Control of these degrees of freedom is also implemented in the CAD tool
presented later.

2 These are dual quaternions with both p and ¢ € Im(H).
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3.3 Motion through 2n 4+ 1 Points

In contrast to interpolation through poses, the next sections interpolate via
3D points. The construction via quaternionic Bézier curves is applied, i.e.,
with control points in DH lying on S. The quaternionic weights are specified
in such a way that the resulting rational curve lies on Study quadric S and
is a proper continuous motion.

We choose arbitrary 2n 4+ 1 3D points a;, ¢ = 0,1,...,2n, which are the
points to be interpolated. Let n > 1 be an integer, T = [to,...,tn] be n+1
distinct real values. Using

fil)=(t—to)t—t1)...(t—ti1)(t—tig1)...(t—tp), i=0,1,...,n, (6)

we define quaternionic polynomials of degree n and a motion polynomial C(t)

p(t) =D wa fi(t), q(t) = agiws fi(t), C(t) =p(t) +eq(t), (7)
i=0 i=0

where weights wq, wa, .., we, are quaternions which will be determined later.
First of all, note that

7(C(t;)) = ag; € Im(H) =R3?, i =0,1,...,7n, (8)

for arbitrary weights wo;,7 = 0,1, ...,n (because f;(t;) = 0, j # ). This shows
that C(t) already interpolates the points as; for i = 0,...,n. To ensure that
also the remaining points are interpolated, we set up a system of equations
to determine the appropriate weights w;. For this, let Ts = [s1,...,s,] be
different real parameters such that T N'T = () and for which the points ag; 1
are interpolated.

We consider the linear system w(C(s;)) = agj—1, j = 1,...,n. Explicitly
this linear system is equivalent to

n

Z(azi — agj—1) wy; fi(s;) = (azj—1 — ao) wo fo(sj), 1=1,....,n.  (9)

=1

Without loss of generality, we may assume that wy = 1. The quaternion
linear system @ with n equations and n unknowns ws, wy, ..., wa, has a
unique solution if the corresponding matrix A is not singular. Theorem 1 in
[?] claims that for a general choice of points a;,i = 0,...,2n + 1 there is a
unique solution.

It is left to show that the motion obtained C(t) meets the Study condition.
For this, we need to show pg* + gp* = 0. This polynomial is of degree 2n and
is the primal part of 7(C(t)). Hence, it is fulfilled for the 2n + 1 parameter
values tg,...,t, and s1,...s,. Therefore, we have a polynomial of degree 2n
which vanishes for 2n + 1 parameters, thus has to be 0.
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In the following sections, we present explicit formulas for cases n = 2,3,
which result in quadratic and cubic motions.

3.4 Quadratic Motion through 5 Points

For the quadratic motion, we fix five 3D points (via points) ao, ..., a4 and

parameter values’| (via times) 7' = [0, 1,1] and Ty = [1, 2]. The linear system

defined by (9) can be solved (see [?]). Weights wo, wy are

wy = (—9dy; dor — 3dg3 dag) " (9dyy dio — dyy dso) wo, (10)
wy = ((—dy dar — 3dsg dag) ™" (3dyy' duo + dag dzo) wo, (1)
where d;; = a; —a;. Choosing wy = 1 we compute the motion C(¢) using @

To obtain the curve C(t) in Bézier form, we express the interpolation basis
fo..2 by quadratic Bernstein polynomials 3;(t) = (f)(l — )27 i =0,1,2

1 1 1 1 1
fofiﬂofiﬂla S 7*5517 f27*151+552- (12)
We substitute into the motion C' = p 4 eq

p = wofo + wafi +wyfo =

—_

1

1 1 1
= §woﬁo + (—4w0 — w2 — 4w4> B1+ §w452 = ugfBo + u1 51 + u2B2,

[\

q = apwo fo + aswa f1 + aswy fo = aoiwoﬁo -
1 1
1 (aowo + 2a2w3 + agwy) f1 + §a4w452 = pouofo + pr1u1f1 + pauzfa.

So we obtain the following weights and points

1 . 1
up = Fwo, Uy = — 3 (wo + 2wz + wy), uz = Sy,
Po=a ,p1= —%(aowo + 2aowz + agwy)(uy) ", p2 = aa.

Then the motion C(t) can be presented in the Bézier from

C(t) = <Z U 51) +e (sz Uj 51‘) (13)
i=0 i=0

3 The order matters as ag will be interpolated at t = 0, a; at t = i, az at t = %, etc.
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with the 8-tuples u; + e p; u; € DH,i = 0,1,2 being the three homogeneous
control points of the 8-dimensional quadratic Bézier curve that lies on S and
can be factorized to synthesize a mechanism.

3.5 Cubic Motion through 7 Points

For the cubic motion we fix seven 3D points ag, ..., ag and parameter values
T =10, %, %, 1] and Ts = [é, %, g], and we will need to determine four control
points and their weights. An example together with the resulting motion is
shown in Fig. |l{on the left. The linear system defined by @ can be written

as
lj:cjawa + cjaws +cjews = cjgwo, (J=1,2,3), (14)

where the coefficients c;; are given by

C1,2 C1,4 C1,6 C1,8 15do1  S5dar 3de1 —15dig
C2,2 C24 C26C2g | = 9das  9daz —3dss  3dso | - (15)
3,2 C3,4 C3,6 C3,8 —5dos —15dss 15des —3dso

with d;; = a; — a;. We assume that wy = 1 and eliminate the unknown w,
using ¢; 511 — ¢5 512 and ¢ 511 — ¢35 13, which can be written as

mj i ejaws + €j6We = €58, (j =2,3) (16)

(6274 €26 62,8) _ <h4,274 he2.6 hs,z,s) (17)

€3.4 €36 €38 hasa he3e hsss

where h; ;i = E(c1,2,¢1,4,¢5,2,¢.%), With E(a,b,c,d) = a~'b — ¢~ 1d for ar-

bitrary quaternions a,b, c,d. Similarly, we eliminate wg and w, from equa-

tions mo and mg by taking ez_é mo — egé m3 leading to 744 w4 = 148 and
-1 —1 .

€34 M2 — €3, M3 leading to 76,6 we = 76,8, Where

T4,4 = E(62,6,€2,4,€3,6,€3,4)a T4,8 = E(€2,6762,8763,6763,8)7 (18)
r6,6 = Fl(€24,€26,€34,€36), r6,8 = E(e24,€28,€34,€38), (19)
Wyq = T‘;i T4,8, We = Tﬁié 76,8- (20)

Using we compute wg by wy = ¢1 §—c1 4ws—c1 gwe. Therefore, we found

a parametrization of a cubic curve by the formula . The parametrization

7w (C(t)) interpolates points ay, ..., ag at the parameter values %,i =0,..,6.
To present the curve in Bézier form, we need to convert the interpolation

basis [fo, ..., f3] to Bézier basis [fo, ..., 83], where 3;(t) = (f)(l — )37 as:
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Fig. 1: Left: Motion Designer — an interactive plot of a 1-DoF motion that
interpolates 7 given points (purple); right: example of a produced 6R. proto-
type.

fo=—2fo+ abr— ocba i =2P1— 5B (21)

1 2 2 5 2
=—01— - =—0 - = — (5. 22
f2 951 952, I3 2751 2752 + 953 (22)
Now we may write the interpolated cubic (defined by the formulas @) in
Bézier form in the same way (after substitution in p,q) as in the previous
section

C(t) = (woBo + ... +uzB3) + & (pouoSo + ... + p3usfs), (23)
where
-2 = 2o+ 2wy + zwg +
Upg = 9 wWo, U1 = 27w0 9w2 97.04 27“’6:
2 12 5 2
Uz = 2711)0 9w2 9w4 27w67 uz = 9w67

5 +2 +1 +2 1
=a = —apw — QoW —aqw —agWg | u
Do 05 P1 27009229442766 )

2 1 2 5 1
= | ——apwp — =AWy — —A4 Wy — —AgWg | U = ag.
D2 27009229442766 2 »DP3 6

3.6 Implementation

For the kinematics community, we implemented all methodologies as an inter-
active CAD module called Motion Designer in the Rational Linkages library
[?] version 2.5, an open-source Python package for synthesis and rapid pro-
totyping of these mechanisms. Some crucial calculations were compiled using
the Rust language to provide fast rendering with Qt6 software. The visual
CAD interface is shown in Fig. [l| with a 6R prototype designed using this
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methodology. For more details and source code investigation, see the supple-
mentary material [?].

4 Conclusion

This study introduced a way to interactively construct rational motions in-
terpolating three or four poses and five or seven points. In addition to state-
of-the-art, closed-form solutions for the latter interpolations of points with
rational curves in SE(3) were presented, along with the implementation pro-
viding visual CAD software. The output motions serve as the key concept for
the synthesis of 1-DoF single-loop mechanisms using rational motion factor-
ization [?], resulting in spatial four- and six-bar mechanisms. The algorithms
are part of the Rational Linkages library [?], version 2.5 or higher. The inter-
active use case is shown in the accompanying video together with web-links
to the source code, documentation, and tutorials, and can be found in [?].
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