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Abstract This paper presents the motion mode analysis of a variable-DOF parallel
mechanism (VDPMs) with four RRRRR legs using a higher-order analysis. It is
shown that this VDPM has four different motion modes, where the platform performs
3-DOF planar motions, 3-DOF motions with zero torsion, 3-DOF spatial translations,
and 2-DOF motions in a plane, respectively. The presented result enriches the types
of overconstrained and variable-DOF (also kinematotropic) mechanisms, and has
practical value for synthesis of VDPM in particular.

1 Introduction

Multi-mode parallel mechanisms (PMs) [20] are a novel class of reconfigurable
mechanisms that can switch between different operation modes without the need for
disconnection and reassembly. Current research on multi-mode PMs mainly focuses
on multi-mode PMs [9] in which all the motion modes have the same degree of
freedom (DOF). The number of variable-DOF parallel mechanisms (VDPMs) (or
kinematotropic PMs) [18, 4, 6] proposed so far is very limited. It has been found
that several PMs may have extra motion modes [5, 8, 3, 14, 15] in addition to
the expected motion modes. Although the PMs in [3, 14, 15] can be counted as
VDPMs, the motions in the extra motion modes are complicated to describe. This
may hinder the application of the PMs in these extra motion modes. Therefore,
VDPMs, especially those whose motion modes can be readily described, are still not
well explored.
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Fig.1 The VDPM in the analyzed reference configuration. Each of the four legs (encircled number)
comprises 5 revolute joints (numbered with 1, ..., 5).

In this paper, we will present a novel 4-RRRRR PM VDPM (see Fig. 1) whose
motion modes can be intuitively described. As will be revealed using the higher order
analysis [11, 12] later in this paper, the proposed VDPM possesses four operation
modes where the platform performs 3 DOF planar motions, 3 DOF spatial transla-
tions, 3 DOF motions with zero torsion, and a 2 DOF motion in a plane, respectively.
Moreover the actual instantaneous motions in each mode are revealed.

2 Description of the Variable-DOF Parallel Mechanism

The variable-DOF 4-RRRRR PM is composed of four RRRRR legs L = 1,...,4.
Each leg comprises five revolute joints numbered 1 to 5 from the base to platform.
Joints 2, 3 and 4 in each leg have parallel axes forming a planar kinematic linkage.
Let ; denote joint j in leg i. In total the PM comprises n = 20 joints. The PM

topology is represented by the directed topological graph I in Fig. 2. A PM with
simple L legs possesses v = L — 1 fundamental cycles (FC) [10], see also [13] for
the case of complex legs. The 4-RRRRR PM has L = 4 limbs, thus y = 3 FC.
The corresponding y = 3 loop constraints are the basis for kinematic modeling and
analysis.

The above VDPM was derived from a 3-legged 3-DOF PM capable of both planar
and spatial translational motion modes [7] by adding an extra leg and fine-tuning the
link parameters through a trial-and-error process.
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Fig. 2 Directed topological graph I and the y =3 FCs A; for the PM in Fig 1. The edge labeled
with [, i represents joint i of leg /.

3 Joint Screw System in Reference Configuration

Denote with pﬁ € R3 the vector to a point on the axis of jointi in limb [/ =1,...,4,
and with ef. € R3 a unit vector along the joint axis. Denote with q € V" the vector
of joint angles. To the configuration shown in Fig. 1 is assigned q = 0. In this
configuration, the position vectors and unit vectors are
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All vectors are measured in the reference frame ¥ indicated in Fig. 1. The instanta-

. e . . el
neous screw coordinate vector of revolute joint 7 in limb / at q = 0 is Sf. = [e, ><lpl ]
i i

The assignment of q = 0 to the investigated configuration is just for convenience.
Any arbitrary configuration ¢ can be used.
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4 Finite Mobility Analysis

At q = 0, the overall constraint Jacobian of the y = 3 loop constraints according to
the FC as in Fig. 2 is

Sls;sislsl —s2-82-62-82620 0 0 0 0 0 0 0 0 0
J(0) = |s] s} s}s‘ s“ 0 0 0 00 -8?-83-83-s3-s2 0 0 0 0 0|,
st sl s!s! sl 00 0 000 0 0 0 o0 -s*-st-st-st-s!
3)
In this configuration, the Jacobian has rank J (0) = 15. The 1st-order DOF of the
PM is thus dg4is (0) =20-15=5.

The finite mobility and motion modes are established using the higher-order
local analysis reported in [11, 12]. The basic concept behind the higher-order local
analysis is to construct a low-dimensional algebraic variety that locally approximates
the analytic c-space variety V. In regular configurations q € V, this is the tangent
spaceto V at q. In a general configuration this is a cone. The kinematic tangent cone is
defined by the tangents to smooth finite arcs in V (smooth motions) through q € V as
C(IfV :={0|o € Cq} C R", where Cy is the class of smooth arcs (analytic germs) in V
through q € V. It is constructed successively as CqV = K& € ... € KJ € Kg € Ky,
where the ith-order cone is defined as

1 2 3
Ki = {x3y,z,... ¢ R2: H(q,x) = 0, H?(q,x,y) = 0,HV(q,x,y,2) = 0

(i) _ —
.,Hl'(q,x,y,z,...)—0,1—1,2,3}. @
The ith-order constraint map for the FC [ is defined as H l(])(q, q) = Ji(q)q and

Hl(i)(q, q....q9) = %Hl(l)(q, q) so that the ith-order constraint is

Hq,q,...,q") =0. )

The constraint maps are determined algebraically from the joint screw coordinate
vectors by simple screw products [12]. The first-order cone K(i is a vector space in
x, which is the tangent space if q is a regular point of V, i.e. V is a manifold.

The analysis yields CaV = Kg C K3 = K3 C Ky, where the first-order cone is

- 2011 — 5 o1 —f—
={xelR |xl rxz—sx3—tx4—ux—vx1 \/_rx2 t—u+v,

xi—r—s t,x3 —2r+2s+3t+2u— 2v,x \/_v,x =r,
x%z—r+3s+3t+2u— 3—2r—4s—5t 4u + 2v,
xZ:—r+2s+3t+3u—vxg—vx]— \/_rxz—r+4s+4t+3u
x‘3‘——6s—7t 6th4 3s+4t+4u+vx =—\2u;r,s,t,u,v €R}.

The 2nd-order cone is the union Kg = Kg(l) UK(%(Z), with dim Ké(l) =dim Kg(z) =3,
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X
X

The 3rd- and 2nd-order cones are equal, Kg = Ké. Finally the 4th-order cone is
K¢ = kg Uk UKy UKW, with dimK," = dimKy® = dimK;® =
3,dimK, " =2,

4(1)

KO ={X€R20|x11=0’xé=0’x%=0,xg=0,X‘]‘=0,x§=0,)¢f=0,xg=0,
xézr,x;=s,xi=t,x§=—s—t,x%=2r+3s+2t,xi=—r—s,
x%=3r+3s+2t,x§=—4r—5s—4t,x§=2r+3(s+t),
x2=4r+4s+3[,x4=—6r—7s—6t,x =3r+4(s+t); r,s,t R}

4(2) _ 20 1 _ —

K, ={xeR |x —r)cz—sxg tx4—sx5—rx1 \/_rx2 r—s-—t,
x§=—4r+4s+3t,x4—r—s \/_rx —rxz——2r+5s+3t
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K3(3)={XER20|xi=r,x5=sx1—tx}¥— —fxi=- % \/Er,xgz—r+s,
2—txﬁzr—s txs——\/_rxl—rxg—s+tx3 t,xi:—s,xgz—
x: \/_rx—r+s+tx% t,x4— S, X —\/_r r,s,teR}

4(4) _ 207,1 _ 1 _ 1 _ 1__s _ s

K," ={xeR |x1—rx3—sx2 —3.X, = 2,x —rx1 \/_rxz—r 5
x§=—4r+sxi—r— \/_rx —rx 2( 4r+s)x =4r —

x; = 1(- 4r+s)x —rxl— \/_rxz—r+2, x3=-s,
xj r+3 —\/_r r,s,teR}

The tangent cone is the union of four vector spaces, each locally describing the finite
motions on a motion manifold passing through q = 0. The corresponding motion

modes are shown in Fig. 3. The vector spaces K4( 2 ,i =1,2,3 are three dimensional

and KO( ) is two-dimensional, thus the PM possess 3 DOF and 2 DOF, respectively. In
conclusion the PM can enter four motion modes from the investigated configuration
q = 0. The latter is a singularity of V (c-space singularity), which implies that it is
a kinematic singularity, i.e. the rank of J is higher than 5 in any neighborhood of
q = 0. It can be shown that the rank of J is 17 in motion modes 1, 2, and 3, and the
rank is 18 in motion mode 2. This analysis proceeds by analyzing the tangent cone
to motions of certain rank [11, 12].
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Fig. 3 The four motion modes the VDPM can enter from the singular configuration in Fig. 1: 1)
planar motions, 2) 3-DOF zero torsion, 3) spatial translations, 4) 2-DOF motion in the y-z plane.

5 Motion Mode Analysis

The important information for the PM design are motion modes of the platform.
The instantaneous platform motion is described by the platform twist V, = [‘3}5’ ],
expressed in Fy. It is determined by the joint screws as

Vp =[S} 8} 8§ 8} 8] [x], x5, 25, x4, x51" ©)
forany / = 1,...,4. For the four vector spaces defining the motion modes this yields

VI(JI) = [O,XQ + X3 + X4, 0, —2)63 - 4)64,0, —3X2 - 4)63 - 3X4]T
Vr(,z) = [2)61, 2x2 + x3,0, —4x, — 2x3,4x1,2x1 — 6xp — 4)C3]T 7
V[()B) = [O, 0, 0, 4x2 +2x3,—4x1,—x3]T,VI(,4) = [2)61,0, 0, 0, 4X1,ZX1 —X3]T

The first describes 3-DOF platform motions in the x-z plane of %y [7], the second
a 3-DOF motion with zero torsion [2], the third describes a 3-DOF pure spatial
translation [7], and the fourth mode is a 2-DOF motion composed of 1-dimensional
translation in the y-z plane of #y with an independent rotation about the plane
normal.
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6 Conclusions

A four-mode VDPM has been proposed. This VDPM has three typical 3-DOF modes
and one 2-DOF motion along a plane. The higher-order analysis provides an efficient
approach to identify the motion modes of a VDPM at a reference configuration. There
are other configuration that allow for motion mode change. The local analysis must
be carried out for each of them separately.

This work enriches the types of VDPMs. The type synthesis [6], reconfiguration
analysis [5, 8, 17, 16] of VDPMs and measures for switching a VDPM between
different operation modes [1, 19] remain open issues. Potential application of these
VDPMs also deserve further investigation.
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