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Abstract In the task space control of robots, mapping differential end-
effector motion to differential joint motion becomes ill-posed near singular-
ities. Furthermore, discontinuities arising during the transition out of these
regions present a significant challenge. While conventional methods often rely
on approximate kinematic solutions or avoidance, we propose a dynamics-
based approach for open-chain manipulators. This paper introduces a multi-
singularity handling methodology within the Constraint-Consistent Whole
Body Control framework, enabling smooth navigation through singularity
neighborhoods. We present a singularity classification algorithm to identify
active singularities in order to execute specific control strategies for accu-
rate task tracking. Additionally, a velocity transition method ensures smooth
exit from the singularity region. Experiments demonstrate that the proposed
method achieves robust performance and smooth traversal through singular-
ities.

1 Introduction

Kinematic singularities occur when a robot instantaneously loses the ability
to translate or rotate about certain directions. Mathematically, the Jacobian
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matrix relating a differential joint motion to a differential end-effector task
motion is singular, causing the matrix to be ill-conditioned. This creates
issues during end-effector control, such as unbounded joint velocities, poor
manipulability, and control instability. To address kinematic singularities for
end-effector control, various approaches have been taken. Pseudo, generalized,
and singularity-robust inverses of the Jacobian [1, 2, 3, 4] have been used;
however, they only provide an approximate solution for inverse kinematics
in singularity regions. Other methods focus on avoiding singularities [9, 10];
however, this is limiting, as singularities occur inside the robot’s workspace.

Khatib [5, 6] formulated singularity control strategies within the Opera-
tional Space Control framework, where the robot is treated as redundant with
respect to motion in the singular directions. Building on this methodology,
this paper proposes a singularity-handling strategy for improved behavior in
singularity neighborhoods.

2 Approach

The Constraint-Consistent Whole Body Control framework [7] is first pre-
sented. Given a stack-of-tasks hierarchy, the corresponding whole-body task
representation and task Jacobian are represented with ϑ⊗ and J⊗, where
ϑ⊗ denotes the instantaneous velocity of the whole-body task. For example,
given a hierarchy of a constraint task (c) followed by a control task (t), then:

ϑ⊗ ,

[
ϑc

ϑt|c

]
, J⊗ ,

[
Jc
Jt|c

]
(1)

where the control task is both projected in the nullspace of the constraint
task, and made consistent with the constraint task by projecting the control
task into the non-conflicting task space (thus being denoted by the subscript
(t | c)).

Given the equations of motion of a robot:

A(q)q̈ + b(q, q̇) + g(q) = Γ (2)

where A is the joint space mass matrix, b(q, q̇) are the Coriolis and Cen-
trifugal forces, g(q) is the joint space gravity vector, and Γ is the vector of
joint torques, then the whole-body task space dynamics is obtained by pro-
jecting the equations of motion using the dynamically-consistent inverse task
Jacobian J⊗:

Λ⊗ϑ̇⊗ + µ⊗ + p⊗ = F⊗ (3)
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Λ⊗ =
(
J⊗A

−1JT
⊗
)−1

, µ⊗ = J
T

⊗b− Λ⊗J̇⊗q̇,

p⊗ = J
T

⊗g, F⊗ = J
T

⊗Γ, J
T

⊗ = Λ⊗J⊗A
−1

(4)

To simplify the presentation, we consider redundant open-chain robots,
involving general task frame specifications (6 degrees of freedom). The ap-
proach extends to multi-task control of branching open-chain robots with
the control framework. The control torque vector required to achieve an end-
effector force vector F for a task specification defined with the task Jacobian
J is Γ = JTF .

Kinematic singularities occur when the Jacobian matrix becomes rank
deficient at a configuration q. However, robot control becomes difficult in a
neighborhood around kinematic singularities. The neighborhood is defined
by the domain D(q) = {q |λ(Λ−1(q)) ≤ λmin} where λ(Λ−1(q)) are the
eigenvalues of the inverse of the task inertia matrix [8]. Small eigenvalues
correspond to large task inertia and consequently, large control forces along
their eigenvector directions.

Using the sub-scripts ns and s to refer to the non-singular and singular
components, the singular value decomposition of J is written as

J = UΣV T =
[
Uns Us

] [Σns 0
0 Σs

] [
Vns Vs

]T (5)

At singularity, the robot cannot move along the directions spanned by Us,
and Vs gives the corresponding singular joint space basis. Unlike [8], we de-
compose the task using Uns and Us instead of the eigenvectors of Λ−1, since
the eigenvectors generally do not align with the left singular vectors of J .

When the robot is in a singularity neighborhood, the singular directions
are controlled within the nullspace of the non-singular task [6]. The projected
non-singular and singular task Jacobians are:

Jns = UT
ns J, Js|ns = UT

s|nsJNns, Nns = I − JnsJns (6)

where Nns is the dynamically-consistent nullspace of the non-singular task.
In the neighborhood, Λ−1

s|ns is ill-conditioned from Js|ns, causing large forces
in the singular task space when using task control. Our approach provides a
well-conditioned task representation for control in the nullspace of the non-
singular task, combined with control strategies and numerical singularity clas-
sification.

2.1 Numerical Singularity Classification

Khatib [6] classified open-chain singularities into two categories in terms of
control: Type 1 and 2 (Fig. 1). Type 1 singularities are those at which the
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end-effector can be controlled in the singular directions using motion in the
nullspace of the non-singular task. Type 2 singularities are those at which
motion in the nullspace only affects the singular direction.

Fig. 1 Type 1 and 2 singularities for the PUMA at various configurations: left — Type
1 (elbow lock), middle — Type 2 (wrist lock), right — Type 2 (overhead lock). Red lines
indicate lost linear motion direction; green lines indicate lost angular motion direction.

Since motion in the nullspace for Type 2 singularities only produce in-
ternal joint motion, we extend Seng [11] to classify Type 2 singularities by
computing the projected second-order task displacement ds:

ds = uT
s (v

T
s H(q)vs) (7)

where us is the singular direction, vs is the singular joint space direction,
and H(q) is the kinematic Hessian tensor. The term arises from projecting
the second-order Taylor expansion term of the forward kinematics onto the
singular direction using displacements in the singular joint space, where ds =
0 at a Type 2 singularity. We extend this to the singularity neighborhood,
classifying Type 2 singularities as |ds| ≤ dmin and Type 1 otherwise, with
dmin a threshold.

2.1.1 Degenerate Singularities

Degenerate singular values during singularity classification can occur, leading
to non-unique left and right singular vectors. We propose a recursive search
in the degenerate basis, sequentially optimizing to first find paired (us, vs)
for all Type 2 singularities, then for all Type 1 singularities.

Let Ud and Vd, initialized to the degenerate columns of Us and Vs, track
the remaining rank n unclassified degenerate singular task and joint space
basis. The optimization to identify Type 2 singularities is:

min
x

[ds(x)]
2 = [us(x)

T (vs(x)
TH(q)vs(x))]

2

s.t. vs(x) = Vdx, us(x) = Udx, ‖x‖ = 1
(8)
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where x is the coefficient vector to minimize the second-order displacement
objective. At zero singular value, us is determined from the task displacement
from a small virtual displacement in vs. Since the problem is non-linear, an
initial solution estimate is obtained by optimizing an upper bound on the
objective:

[uT
s (v

T
s Hvs)]

2 = [xTUT
d (xTV T

d HVdx)]
2 ≤ ‖x‖2‖UT

d (xTV T
d HVdx)‖2 (9)

where the Cauchy–Schwarz inequality is applied. Since the upper bound is
quartic in x, a second bound that is quadratic in x is formed for faster
computation:

‖UT
d (xTV T

d HVdx)‖2 =
∑
j

(xTV T
d (
∑
i

(Ud)ijHi)Vdx)
2 =

∑
j

(xTAjx)
2

(10)

where Aj = V T
d (
∑

i(Ud)ijHi)Vd, and the final upper bound is given by∑
j

(xTAjx)
2 ≤ xT (

∑
j

A2
j )x from (xTAjx)

2 ≤ ‖Ajx‖2 = xTA2
jx (11)

(Ud)ij is the (i, j)th element of Ud and Hi is the ith slice of the Hessian tensor.
The eigenvector corresponding to the smallest eigenvalue of

∑
j A

2
j provides

an initial solution for the optimization, which is solved using COBYLA [12].
After solving for x, Vd is updated to the rank n−1 basis of Vd projected onto

the nullspace of vs(x) (and similarly for Ud and us(x)). When the solution
returns |ds(x)| > dmin, the optimization is changed to maximization to find
Type 1 singularities, using the largest eigenvalue of the upper bound for
initialization. Type 2 singularities are identified first, since their non-zero
second-order displacements along other directions in the degenerate basis
could otherwise mischaracterize Type 1 singularities.

2.2 Control Strategy

Singularity strategies are controlled in the null-space of the non-singular task.

• For Type 1 singularities, the end-effector motion in the singular direction
is directly controlled by controlling the singular value derivative (σ̇s).

• For Type 2 singularities, the singular direction is controlled to rotate away
from the control task direction.

The Type 1 singularity strategy also determines whether the task intends
to move the robot toward or away from the singularity to adjust the strat-
egy. To eliminate discontinuities after exiting the singularity neighborhood,
we propose a transition using goal-position velocity-saturated control with
scheduled saturation velocity.
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2.2.1 Task Representation

The singular joint space is controlled to execute the strategies, defined by the
singular joint space (sjs) Jacobian:

Jsjs(i) = vTs(i)Nns (12)

where vs(i) is the joint space vector that directly maps to motion in us(i) for
the ith singularity. Jsjs(i) is well-conditioned since vs(i) is defined in the joint
space. Velocity control is used in the strategies with the unit-mass control
torque:

Γ ∗
sjs(i) = −Kv(q̇ − q̇d) (13)

where Kv is the diagonal derivative gain matrix and q̇d is the desired velocity.
When multiple strategies are active, a combined Jacobian, Jsjs, is formed

by concatenating all Jsjs(i), and the combined unit-mass torque vector, Γ ∗
sjs,

is formed by concatenating all vTs(i)Γ
∗
sjs(i). The total torque is then computed:

Γ = Γns + Γsjs, Γns = JT
nsFns, Γsjs = JT

sjsΛsjsΓ
∗
sjs (14)

2.2.2 Type 1 Strategy

The strategy controls the singular value derivative through joint velocity to
achieve task motion along the singular direction:

∇qσs(i) = uT
s(i)H(q)vs(i), σ̇s(i) = (∇qσs(i))

T q̇,

{
Toward if σ̇s(i) < 0

Away if σ̇s(i) > 0

(15)

Control toward or away from the singularity depends on whether the task
intends to approach or retract from it. This is determined by replacing the
joint velocity in σ̇s(i) with the joint acceleration induced by control torques
in the singular space, q̈s(i) = A−1Γs(i)|ns, which represents the instantaneous
joint velocity from rest. Then, the corresponding velocity is commanded:

q̇d = (vmaxηi)

( ∇qσs(i)

‖∇qσs(i)‖

)
sign(ci), ci =

( ∇qσs(i)

‖∇qσs(i)‖

)T q̈s(i)

‖q̈s(i)‖
(16)

where vmax is a maximum velocity parameter, ηi scales the maximum velocity,
and sign(ci) determines the direction along the singular value gradient in
order to approach or retract from the singularity based on the task.

Toward the singularity, the velocity scaling factor ηi depends on the sin-
gular eigenvalue (λi), the singular control force (F ∗

s(i) = uT
s(i)F

∗), and the
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alignment of the task with the singular value gradient (ci):

ηi = min
k∈{1,2,3}

wβ(k)(xk), xk =

 λi/λmin

|F ∗
s(i)|/Fmax

|ci|

 , wβ(x) =
1− e−β sin(π

2 x)

1− e−β

(17)

Here, wβ(x) is a smooth blending function between [0, 1] with x clamped to
[0, 1], with a blending coefficient β(k) for each xk term. The first term in xk

reduces velocity as λi → 0 to prevent high approach speeds very close to the
singularity. The second term reduces velocity as F ∗

s(i) → 0 to stop motion at
zero control force. The final term reduces velocity when the task does not
strongly move along the singular value gradient direction.

Away from singularity, ηi uses the last two terms:

ηi = min
(
wβ(2)

(
|F ∗

s(i)|
Fmax

)
, wβ(3)(|ci|)

)
(18)

At singularity, any motion in vs(i) moves the task away from it. Thus, to
accurately determine if the task intends to retract from the singularity, the
direction away from the singularity in singular task space is computed with
virtual displacements along ±∇qσs(i). The alignment of this direction with
F ∗
s(i) indicates desired motion away from the singularity. The posture after

crossing the singularity is controlled by selecting the sign of ∇qσs(i) in the
desired velocity.

2.2.3 Type 2 Strategy

The strategy generates motion in the singular joint space to rotate the sin-
gular direction away from the task control direction, causing the task to be
controlled in the non-singular directions. The desired velocity is

q̇d = vmax wβ(4)

(∣∣∣∣uT
s(i)

F ∗

‖F ∗‖

∣∣∣∣) q̈s(i)

‖q̈s(i)‖
(19)

The desired velocity scales based on task alignment with the singular di-
rection. The joint velocity direction follows the induced joint acceleration
direction from the singular task to ensure joint motion consistency.

2.2.4 Exit Transition

Exiting the neighborhood can cause discontinuities due to accumulated track-
ing error. To address this, task control switches to goal-position velocity-
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saturated control [5], with the saturation velocity Vmax starting at the exit
velocity Vexit and ramped to a default velocity Vdef at rate V̇ramp:

V (k+1)
max = V (k)

max + sign
(
Vdef − V (k)

max

)
min

(
V̇ramp ∆t,

∣∣∣Vdef − V (k)
max

∣∣∣) (20)

Once the tracking error is within tolerance, task control returns to normal.

3 Experiments

Experiments were conducted on a physical Franka Panda (Type 1 and 2
singularities) and a simulated PUMA (simultaneous Type 1 and 2). A 6
DOF end-effector task was controlled with 1 kHz torque commands using
OpenSai. Results show accurate classifications and smooth tracking through
singularity neighborhoods.

3.0.1 Type 1 Singularity

The task commanded linear motions in X, ±Y, and Z from a nominal posture
while maintaining its initial orientation, where the goal positions lie outside
the reachable workspace. The resulting outstretched postures, shown in Fig.
2, arise from the robot reaching toward the singularity due to the strategy.
The figure also shows the task trajectory, the three smallest eigenvalues of
Λ−1, and joint 4 torque with and without the strategy, demonstrating smooth
performance through the singularity neighborhood.

3.0.2 Type 2 Singularity

Starting from an initial posture (Fig. 3), the task was commanded to follow
a sinusoidal trajectory in ±Y while maintaining its initial orientation. In
this configuration, maintaining the initial orientation while moving in ±Y
induces a Type 2 singularity. The trajectory passes through the singularity,
and enters and exits the neighborhood to demonstrate smooth performance.
The strategy rotates the joints in the singular joint space to shift the singular
direction away from the control direction, enabling accurate tracking.

3.0.3 Type 1 and 2 Singularities

To evaluate multi-singularity handling, the PUMA robot was simulated start-
ing from a configuration with one Type 1 and one Type 2 singularity at

https://github.com/manips-sai-org/OpenSai
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Fig. 2 The left images show two outstretched postures from the experiment, resulting
from the Type 1 strategy producing full arm extension. The middle plot shows the
position trajectory with steady-state error from attempting to reach a goal outside the
workspace. The top right plot shows the three smallest eigenvalues; red regions indicate
active singularity strategy (dashed red line is λmin), and the green curve, denoting the
smallest eigenvalue, shows the robot reaching and retracting from the singularity. The
bottom right plot shows the joint 4 torque, which spikes without the strategy.

Fig. 3 The left images show the initial posture (top) at a Type 2 singularity, and
postures after leaving the singularity (bottom). The middle plot shows accurate tracking
through the singularity, with initial and periodic errors from alignment between the
singular and control directions, followed by accurate tracking as the strategy shifts the
singular direction away. The right plots show the three smallest eigenvalues, indicating
traversal through the singularity, and joint 5 torque, which spikes without the strategy.
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degenerate, zero singular values (Fig. 4). The results demonstrate accurate
classifications and smooth task control due to the strategies.

Fig. 4 The left images show Type 1 (red) and Type 2 (green) singularities in the initial
posture, and additional postures during control to a goal pose. The plots show smooth
task motion in the singularity neighborhood; position converges to a steady-state error
from trying to reach a goal position outside of the workspace (Type 1 strategy leading
to full arm extension) and orientation error converges to zero (Type 2 strategy). Yellow
indicates that both Type 1 and 2 strategies are active, and red indicates only Type 1.
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