An Algebraic Treatment of Trilaterals

Gokhan Kiper

Abstract Historically geometry was initially handled with distances only, but
later on angles and trigonometric functions appeared to model nonlinear sys-
tems. Although these latter tools improved the understanding and computation
power of humans, today computers work faster with algebraic models. This
work presents a dual-vector based formulation for spatial, spherical and planar
trilaterals that avoid using trigonometric functions. The problem addressed is
finding the location of a vertex line (or point) when the locations of the other
two and relative distances/angles of vertices are given. By comparing operations
and computation times with classical matrix methods including trigonometric
functions it is shown that the pro-posed method proves to be faster. Such an
approach has potential to be generalized to other types of trilaterals and other
multilaterals that frequently appear in kinematics of mechanisms and robots.

1 Introduction

At the beginning of Book I of Elements [1], Euclid defines tripleurons (trilaterals)
in the Definitions section as “figures those which are contained by three straight
lines”, but then uses the term #rigénon (triangle or tricorner) throughout all 13 vol-
umes. According to Boyer [2],

“In view of the pre-Hellenic lack of the concept of angle measure, such a
study might better be called trilaterometry, or the measure of three sided
polygons (trilaterals) than trigonometry, the measure of parts of a triangle.
With the Greeks we first find a systematic study of relationships between
angles (or arcs) in a circle and the lengths of chords subtending these. ...
In the works of Euclid there is no trigonometry in the strict sense of the
word, but there are theorems equivalent to specific trigonometric laws or
Sformulas.”
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First works on spherical, and then plane trigonometry started by ancient Greeks for
astronomy [3, 4].

The only functions of one variable that can be computed using a finite num-
ber of additions, subtractions, and multiplications are polynomials [5]. Other
functions need to be computed approximately — with high computational cost.
A recent comparison of computational cost of algebraic and transcendental func-
tions is presented in [6]. Although trigonometric functions are essential for sev-
eral applications today, it is possible to do geometry without them, as in rational
trigonometry of Wildberger [7]. Mathematicians such as Husty keep reminding
the engineers that “Vector/matrix formulation containing trigonometric func-
tions is arguably the most favored approach used in the engineering research
community. A less well-known but nevertheless very successful approach relies
on an algebraic formulation.” [8]. In this study, we try to devise an intuitive
approach for engineers, who are typically familiar with vectors and coordinates.
Even though we follow a deductive presentation of the material from spatial
triangles to planar and spherical triangles, the formulations are based on the gen-
eralization of Proposition 13 in Book II of Elements of Euclid [1].

Fig. 1 A spatial trilateral vivivs
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2 Spatial Trilaterals

We follow Yang’s [9] definition of spatial trilaterals. For a dual vector A =ua+ ¢
m4, u4 is a unit vector along A, ma = r4xu4 is moment vector for a position
vector r4 of a point on A with 2 = 0. We will make use of reciprocal product (*),
dual scalar product (°) and dual vector product (®) of dual vectors A = wa+ sma,
B= us+ ems:

A+B=uwi mstus ma (1)

A°B= (ua+ ema) e (us+ ems) = ua-us+ (ua-mp+us-ma) = usa-us+ sA*B" (2)
A®B= (us+ ema) ® (Up+ £ms) = Wax s+ £(Wa X Mp+UsX MA) 3)
JAP=A°A = (wa+ ema) o (Wit ema) = Wa-wa+ 2604 - mu (4)

Consider the spatial trilateral vivavs in Error! Reference source not found. rep-
resented in a Cartesian coordinate frame (Xx; y, z) with oriented vertex lines
(unit dual vectors) vi=wi+em, (7= 1, 2, 3). Let P be the source foot point and Q
be the target foot point of the common normal line (edge) 7 from vito v; with j
=i+1 (j=11if /= 3). From primary and dual parts of vi® vy vector (See [10]) and
unit vector along P:Q;is

u, xu; 1fu,,><uj. =0 n,
n, = , Juy = 5)
: u,xm, , ifuxu, =0 |n

where m; = m;—m.. In this definition of n; we implicitly assume that u;xw; is
along the common normal directed from P to Q. Position vectors of 7 and Q;
are given by
Pi=wix (Wjx mj-) and q;=u; X (WX my-) 6)
A unit dual vector along an edge 7 of the trilateral lines is given by
4;=u;+ecmy (7)
where mj = p:x uj=q;x wjfor 7=1, 2, 3. The common normal distance is
aj=PQ| =|qg-p|=wj-myi= |vx*v}[/|m,1 (8)

Let the dual vector of edge ij of the spatial trilateral be
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Aj=ahy 9)

Consider the problem where the poses of two lines vi = wi + £mi, v2 = W2 + £m2
and we seek the pose of a third line v3 = us + £ms such that its distances 1, a3 to
v1, v2, and the angles as1, a2s between us & wi and w2 & us are known. For the
dual angles Qi = 31+ £aj, &j = COSQUj = Cij + £ajsj=VioVy, §j = sinay = sy— £ajcy=
|vf® v;[ with ¢j= cosayi=ui-w; sj=sinay = 0 (if nyis directed from line 7to line
J) [9]. The primary and dual parts of the following equations define 6 constraints
on the 6 components of vs:

vievs=G1=@1+em1 81, V20v3=C3=3+eas s and viovs=1 (10)
Let us decompose us as us = au1 + huz + curz. Then

u -u, =a+bu, -u, =a+bc, =c,, Gy —CCyy , Cpy— Gy
=a= —, b= > (11)
u,-u, =au,-u,+b=ac, +b=c, l-c, I-¢,

2
u,-u, :|au1 +bu, +cu12| =a’+b’ +c’ +2abc,, =1

(12)
=>c= i\/l —-a’-b* -2abc,,

where the + sign in the cterm corresponds to two mirror solutions in the spher-
ical indicatrix of the spatial trilateral. Due to Egs. (11-12) we have

Cy —C,C Cyy —C»C
31 12 23u + 23 12231

u, = u, i\/l—a2 -b* =2abc,,u,, (13)

2
l-c, l-c,
To compute the moment vector ms, let’s resolve the position vector of a point &3
on line 3 for some real nand A as

r3 = p1+ miz2+ fhs with hs =usxnn (14)

Here, m is along edge 12 and /4hs is the common perpendicular of line 3 and
edge 12 with foot point &5 on line 3. Recall that p1 =OP: is the foot of edge 12
(P1Q) on line 1. ym12 = P1D12 is the projection of PiRs = rs—p1 on PiQ; on the
planar trilateral 2 (2R3 and it can be somehow conceived as the projection of
edge 31 onto edge 12 (see Fig. 1). The common normal Ahs = D12R3 is somehow
the altitude from line 3 onto edge 12. To evaluate PiRs, we can use the shortest
distances a1, a. Just as for any two points on lines 3 and 1 or 2, PR3- n31 = —axn
s31, and Q2R3 - n23 = @3 93:
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PiRs3 - n31=(zmi2 + Ahs) -n31 = ni2-nsin+hs -nsih = —a1 s (15)
QuR3 - n23=(—a2u12 + rmi2 + Ahs) - 23 = N2 - nosn— oz - N3+ hs-nush= as o3 (16)
Note that s;= |n;j, but for computational efficiency it is better to evaluate mag-

nitude of nj instead of taking the sine of as. Solving Egs. (15-16) linearly for n
and A

n= —ay,53,h; -0, _(a23 T AU, Uy )323h3 1y, 17)
(n, -ny,)(hy -n,5) —(m, -ny,)(hy -ny,)

h= (azs +a,u;, Uy, )Szz (nlz 'n31)+a31s31 (n12 'n23) (18)

(nlz 'nsl)(h3 'nzs) _(nlz Ny, )(h3 'n31)

where A = (n12- n31)(hs - n23) — (12 - m23)(hs - n31). With symbolic manipulations it
can be shown that the n solution is not affected with the + sign in Eq. (13), but
the 4 solution changes its sign. The (+¢, 1, +4) and (—¢, 1, —A) solutions for line
3 are on either sides of edge 12. Finally, we have all necessary components to
evaluate vs:

r3=pi+miz+ Ahs , M3 =r3XxuW3 = V3 = W3+ £ms 19)

3 Spherical and Planar Trilaterals

If all vertex lines meet at a point ), we obtain a spherical trilateral. All foot
points A, Q, B, @, B, (B of common normal lines are concurrent with Q. The
position vector q = OQ of the intersection point Qlies on the intersection of the
two planes constituted by the origin and one of the lies, hence q is along the
vector product of the normals of the planes, i.e. mi1 x mo. Using m1 = q xw and
m> = qx w2, we can find q as

m, xm m, Xm
— 1 20r 2 1

(20
u, -m, u, -m,

When vi and vz are given, us can be found using Eq. (13). Since a2 = a3 = a1 =0,
n=h=0by Egs. (17-18), 13 = q by Eq. (19). v3 is found using Eq. (19).
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For a planar trilateral, all vertex lines are parallel to a common direction —
without loss of generality, say, z-axis. Then u1 = w2 = u3 = k (unit vector along z-
axis) and all a;=0. 1, ajuj=1,— r;, m/=1r;x k, and hs =k x un2 are all on the xy~
plane. Our problem is to find ps = g3 = r3 for given p1 = q1 =11 and p2 = @2 = 1.
From Eq. (1)

kx(r,xk-rxk) r, -, -,

r-r
u, = = , Uy, = and u, =13 (21)
(ST RS

Let ' = nsi2 and A’ = Asn. Substituting rs = p1+ mmn+ Ahs = 11 + nuz + Ak x w2
into Eq. (21)

’ ’ 1 — r
n'—a,)u, xh'kxu —nu, Fh'kxu
u,, :( 1)t 2 and u,; =—2——1 (22)
Ay a3

From Eq. (22)

n'-a, n'—a, -n'
Uy, Uy = > My "My3 = S8y and My, ‘N, = S1283 (23)

23 23 31

Using Eq. (21) along with h3 = k x w12 and triple vector identities

’ ’
(n'—a,)u, £h'kxu n
_ _ 12 )Wy 12 _
h;-n, —(kxu12)~u23s23 = k'{“lz X S23

=95
3 3 (24)
—n'u, Fh'kxu, —h'
and h; -ny, = (kxulz)'uslssl =K-fu, X ——————= 5y, = —;
& 4
Substituting Egs. (23-24) into Eqs. (17-18)
n' = _a312 ""1232 + n'alz _a122 —=n' = alzz ""1312 _‘1232 (25)

—a 2a12

p=t h_," = =\Ja,  —n"” (26)

Eq. (25) is nothing but Proposition 13 of Book II of Elements. Egs. (25-26) are
sometimes called circle-circle intersection method [11].
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4 Computational Aspects

There are various ways to quantify computational cost of evaluating mathemat-
ical operations. To present up-to-date representative values, let us have a look at
the clocks per element (CPE) values in an Intel® Xeon® Gold 6148 Processor
(Table 1).

Table 1. Clocks per element (CPE) values in an Intel® Xeon® Gold 6148 Processor for
some elementary mathematical operations [12].

Function CPE Function CPE Function CPE

Absolute 0.25 | Cosine 295 |Arctangent 353

value

Addition 0.26 | Sine 3.08 | Arctangent2 5.73

Multiplication ~ 0.26 | Tangent 3.78 | Sqr. root 1.15

Division 1.44 | Arccosine 3.68 | Exponential 153
Nat. loga-

Square 0.2 | Arcsine 331 | o8 2.42
rithm

In order to evaluate the computational cost of the formulations in Sections 2 and
3 let us work on some numerical examples. For the spatial trilateral case consider
the inverse kinematics problem of a 2R (R: revolute) serial kinematic chain 1-3-
2 with R joints along lines 1 and 3. We want to locate intermediate line 3 for
given locations of lines 1 and 2. Locations of lines may change in time, but the
relative distance and angles of the axes on the links remain constant. This prob-
lem can be classically handled using Denavit-Hartenberg (DH) parameters and
homogeneous transformation matrices (See [10]), which results in two solutions
(elbow up/down solutions). Alternatively, the problem can be posed as finding
the two solutions of vs = w2+ £mo for given vi = wi+ £mi, v2 = w2 + £my, distances
@3, a1, twist angles a3, am1 (or projection values s, 23, a1, s1) and dealt with
the dual-vector formulation in Section 2.

To compare the two methods 100 randomly generated set of inputs were com-
puted with a C code run in a Windows operated notebook and average compu-
tation times were obtained. The CPE value comparison and average computation
times for the benchmarks are listed in Table 2.

The dual vector method seems to be approximately 1.5 times faster than the
DH method. Similar benchmarking computations can be performed for spherical
and planar quadrilaterals as well.
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Table 2. Computational times for dual-vector and DH methods

Operation Intel Dual-Vector Method DH Method
CPE Count CPE | Count CPE

Arccosine 3.68 0 0.00 2 7.36

Sine, cosine 1.72 0 0.00 4 6.88

Square root 0.66 1 0.66 2 1.32

Division 0.57 4 2.28 4 2.28

Addition /

multiplica- 0.26 65 16.90 72 18.72

tion

Total CPE 19.84 36.56

Avg. time 238.5 ns 354.3 ns

5 Discussions and Conclusions

Although angles and trigonometry are powerful tools to understand and formu-
late geometry, algebraic manipulation is computationally more efficient. This
study is merely an initial step for a formulation for handling spatial, spherical
and planar trilaterals. The specific problem addressed here was finding the loca-
tion of a vertex line when the locations of the other two and relative dis-
tances/angles of lines are given. This finds application in mechanism science as
the inverse kinematics of a 2R chain. Similar formulations can be devised for RP,
PR or PP chains as well (P: prismatic joint). In kinematics of spatial open or
closed-loop chains, quadrilaterals, pentalaterals and hexalaterals are also of in-
terest. Further studies may address such multilaterals, in order to deal with com-
plex mechanisms such as manipulators with non-spherical wrists and over-con-
strained closed-loop linkages. Also, it is necessary to work out the details of
choosing correct directions of cross products and signs of sine terms.
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