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Abstract Accurate dynamic modeling and efficient thrust allocation are
essential for controlling over-actuated underwater vehicles. Many existing al-
location methods rely on Euler-angle-based NewtonEuler formulations, which
become complex for modular or multibody systems and scale poorly when
hydrodynamic effects and actuator constraints are considered. This paper
presents a thrust allocation framework based on a Denavit-Hartenberg (DH)
parameter-driven NewtonEuler dynamic model, using virtual reference frames
to provide a modular, computationally efficient representation without Euler-
angle singularities. Thrust allocation is formulated as a constrained quadratic
programming problem incorporating rigid-body dynamics, added mass, hydro-
dynamic damping, restoring forces, and actuator saturation. An alternating
direction method of multipliers(ADMM)-based solution enables real-time im-
plementation and improves trajectory tracking and energy efficiency compared
with pseudoinverse allocation.

1 Introduction

Accurate dynamic modeling and thrust allocation are essential for underwater
vehicle control. Lagrangian or Newton-Euler formulations are commonly
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used to describe vehicle dynamics. Lagrangian methods offer systematic
derivations; however, their computational complexity escalates significantly
with increasing degrees of freedom, thereby constraining their applicability
to multibody systems. As a result, Newton-Euler formulations, especially
the one proposed by Fossen [3, 4], are the most common in marine robotics
and form the basis for most current control and thrust allocation methods.
Despite their effectiveness, classical Newton-Euler models rely on Euler-angle
transformations, which are difficult to handle in multibody systems because
they introduce explicit coupling terms, repeated coordinate transformations,
and kinematic singularities. To address these problems, a Denavit-Hartenberg
(DH)-based Newton-Euler formulation has been proposed [7]. This formulation
gives a compact, modular, and singularity-free dynamic representation for
multibody underwater vehicles.

Beyond dynamic modeling, propulsion and thrust allocation are equally
critical to underwater vehicle performance. Actuator saturation and hydrody-
namic disturbances can reduce propulsion efficiency and vehicle endurance.
Consequently, a wide range of thrust allocation methods has been proposed
[5]. Early quadratic approaches using pseudoinverse or Lagrange multipliers
[12] overlook actuator saturation constraints, leading to diminished perfor-
mance [1]. Optimization-based and model predictive control (MPC) methods
improve realism, albeit at a higher computational expense [10]. Researchers
have also examined different actuator configurations, including fixed and vec-
tor thrusters [6], energy-efficient configurations [13], and convertible designs
[9]. However, increased actuator redundancy complicates thrust distribution.
As a result, optimization-based methods, especially quadratic programming,
have attracted attention for incorporating energy objectives and actuator
constraints [11, 8].

Despite these advances, most thrust allocation methods rely on the classical
Fossen-based NewtonEuler framework. The integration of optimization-based
allocation with DH-parameter-based dynamics remains limited. This paper
presents a unified framework combining DH-based vehicle dynamics with
constrained quadratic optimization to handle actuator saturation and hydro-
dynamic effects for efficient real-time thrust allocation.

The main contributions of this paper are:

e A DH-parameter-based Newton-Euler dynamic formulation that uses
virtual frames to represent full six-degree-of-freedom(DOF) underwater
vehicle motion and implicitly capture coupling effects.

e The DH-based framework now includes hydrodynamic forces, added mass,
damping, and restoring effects, providing a consistent dynamic model for
optimization-based thrust allocation.

e A constrained thrust allocation formulation integrates DH-based dynamics
with a quadratic programming problem to handle asymmetric thruster
saturation and energy-efficient thrust distribution.
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Fig. 1 Coordinate frame transformation using DH parameters for underwater vehicles.

2 Methodology

2.1 DH-based dynamic modeling

While classical 6-DOF formulations provide a complete dynamic descrip-
tion, their reliance on Euler-angle transformations introduces significant
trigonometric complexity and kinematic singularities. To address these lim-
itations, a Denavit-Hartenberg (DH) parameter-based virtual frame repre-
sentation is adopted, in which vehicle motion is modeled as a sequence of
DH-parameterized virtual frames, yielding a compact and computationally
efficient Newton-Euler formulation.

Unlike conventional DH formulations for manipulators, the virtual frames
represent successive inertial-to-body transformations. Starting from the iner-
tial frame, each transformation consists of translations along the Z, X, and
Y axes, followed by roll, pitch, and yaw rotations. The resulting transforma-
tion chain is summarized in Fig. 1. Using the forward propagation in (1),
a kinematic relation is established in which the velocity v; and acceleration
a; of body i are computed from the motion vy and ay of its parent frame
f{i}, augmented by terms induced by the joint motion ¢; and ¢;. Here, ¢; € R
denotes the scalar rate of the ith virtual joint associated with a single DH
transformation. The 6-DOF floating-base motion is realized through a se-
quence of 6 independent one-DOF virtual joints, such that the stacked velocity
vector ¢ = [q1,---,qGs)T € RS. Accordingly, ¢; represents a local relative mo-
tion between successive frames and should not be interpreted as an element of
a single multi-DOF joint velocity. The resulting body acceleration is obtained
during the forward pass of the propagation.
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Fig. 2 Thrust saturation envelopes of vertical and horizontal thrusters.
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where R/™" denotes the rotation matrix between successive frames, P/t
is the position vector between the origins of frames {i} and {i + 1}, and ¢;
represents the virtual joint variable associated with each DH transformation.

The recursion is initialized with zero angular velocity in the inertial frame
as

Wit1

(1)

wo=1[000]",  w;=Riwo. (2)
Backward recursion accumulates forces and moments across virtual frames
to compute the body wrench, preserving dynamic fidelity while reducing
computational complexity [7].
Ocean currents represent a dominant environmental disturbance in under-
water vehicle (UV) operations and significantly affect vehicle dynamics. In this

work, ocean currents are modeled as an external flow field expressed in the in-

ertial (Earth-fixed) frame {E}, with velocity U” = [uf vF wf]T , where uZ,
vP and w” denote the surge, sway, and heave components, respectively. The

current is assumed to be irrotational, spatially uniform, and slowly varying,
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which is standard in control-oriented AUV modeling and remains valid over
the short prediction horizons considered. Under this assumption, hydrody-
namic effects depend on the relative velocity U, = U — Uf , where U is the
vehicle translational velocity in { E}. The current direction is parameterized
by the angle of attack a and sideslip angle 3 as

u? =U.cosacos B, vF =U.sinB, wF =U.sinacosp, (3)

with U, denoting the current magnitude. The inertial-frame current velocity
is transformed into the body-fixed frame {V'} using the rotation matrix R(n)
as UY = R (n)UP. Accordingly, the relative body-fixed velocity becomes

V.=V — [UX ngl]T , where v denotes the vehicle velocity in {V'}.

The relative velocity v, replaces the absolute velocity in the hydrodynamic
terms of the NewtonEuler equations, producing a current-aware dynamic
model. Variations in flow parameters modify hydrodynamic forces through
v, and therefore change the required generalized wrench 7. Because thrust
allocation is formulated as a convex optimization problem with bounded
actuator inputs, stable thrust distribution is maintained under moderate
current disturbances while satisfying actuator constraints.

Mv + C(vy)vr + D(vr)vr +g(n) =, (4)

The generalized wrench 7 obtained from the DH-based NewtonEuler formu-
lation represents the total force and moment required to achieve the desired
vehicle motion. This wrench is distributed among individual thrusters through
the thrust allocation algorithm described in Section 3, where actuator forces f
are computed such that the thrust configuration matrix satisfies K f = 7 while
respecting saturation limits. Thus, the DH-based dynamic model provides
the required body wrench, and the optimization-based allocator determines
feasible thruster commands. Figure 2 illustrates attainable wrench envelopes
under asymmetric thruster limits (fumin = —45 N, fmax = 65 N), showing
coupled constraints for vertical thrusters and diamond-shaped feasible regions
for horizontal thrusters, highlighting restrictions imposed by actuator limits
and environmental disturbances.

3 Thrust allocation based on Quadratic Programming

Quadratic programming formulation:- Actuator saturation, asymmetric
thrust limits, and actuation system redundancy inherently constrain thrust
allocation in underwater vehicles. These constraints preclude direct inversion
of the thrust configuration matrix, motivating the use of an optimization-
based allocation approach. Accordingly, thrust allocation is formulated as a
quadratic programming (QP) problem, where the objective is to compute
an optimal thruster force vector f € R® that minimizes energy consumption
while accurately realizing the desired generalized force vector 7.
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The fundamental energy-minimization objective is formulated as

win SFTHS 5t Kf =7 Fun < £ < Fue %)

where K is the thrust configuration matrix and H > 0 is a weighting matrix.
Since all thrusters have identical characteristics and no failures are assumed,
H is chosen as the identity matrix. To explicitly account for thrust saturation
and tracking accuracy, the objective is augmented with a penalty on the force
tracking error, yielding the following quadratic program:

1
min o fTHF +w|[Kf =73 st fuin < F < fune (6)

where w > 0 is a scalar weighting factor that balances energy minimization
and control fidelity.

Optimality and convexity properties:- The thrust allocation problem is
a strictly convex quadratic program, since:
e H > 0 ensures strict convexity of the objective function.
e The equality and box constraints define a closed and convex feasible set.
Under these conditions, the problem admits a unique global optimal solu-
tion. Moreover, the Karush-Kuhn-Tucker (KKT) conditions are both necessary
and sufficient for optimality, ensuring convergence to the global optimum
under standard convexity assumptions [2].

ADMM-Based Solution Without Explicit Active Sets:-To enable
efficient real-time implementation, the thrust allocation problem is solved
using an Augmented Lagrangian-based ADMM framework, avoiding explicit
active-set partitioning. Introducing a slack variable s € R8, the box constraints
are rewritten as f —s =0, 8 € [Frmins Frmax)S- The augmented Lagrangian
is then defined as

1
L(frs 2 pm) =S f Hf +wl|[Kf =73+ X" (T - Kf) )
P1 P2
+uT(f - 8)+ Bl — K3+ 2205 - sl
where A and p are Lagrange multipliers and p1, po > 0 are penalty parameters.
The ADMM iterations consist of the following steps:

1) Primal variable update

The thruster force vector f is updated in closed form by solving a linear
system,

=@ g, (3)

Q=H+Q2uw+p)K"K+p.l, q=2w+p ) KT+ KT\ — pF 4 pys®.
(9)
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2) Slack variable update

The slack variable s is updated via projection onto the admissible box con-
straints,

1
8" = Pl Fad (f 4 pZM’“) : (10)

3) Dual variable updates

The Lagrange multipliers are updated as
N =X o (r = K5, =l (£ =55, (1)

Under standard ADMM convergence conditions, the iterates converge to
the unique global optimum of the thrust allocation problem. The closed-form
updates enable computationally efficient implementation. In this study, penalty
parameters were selected empirically as p; = 1 and ps = 5, which ensured
stable convergence in all simulations. Iterations were terminated when || f L
2/ F5l2 < 1074 or after 20 iterations. Convergence typically occurred
within 8-12 iterations per control step, supporting real-time applicability.
The computational cost is dominated by solving the linear system in (8);
since @ is constant, its factorization can be precomputed offline, reducing to
matrix-vector operations.

4 Results and Discussion

This section evaluates the proposed ADMM-based quadratic programming
(QP) thrust allocation through simulations using vehicle and hydrodynamic
parameters from [6]. Circular trajectories with and without ocean currents are
considered, and performance is compared with pseudoinverse (least-squares)
allocation.

Circular trajectory tracking without ocean current:- For 3D circular
motion, both the pseudoinverse (LS) and ADMM-based QP methods achieve
stable tracking, as shown in Fig. 3(a). The ADMM-based allocator follows the
reference trajectory more closely, particularly along curved segments. Thruster
force histories in Fig. 3(b) show larger transients and oscillations for the LS
method, while the QP-based approach produces smoother thrust profiles.
Consequently, Fig. 3(c,d) indicates moderate reductions in per-thruster and
total energy consumption with the ADMM-based allocation.

Circular trajectory tracking with ocean current disturbance:- Under
steady ocean currents, Fig. 4(a) shows that the ADMM-based allocator main-
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Fig. 3 Compared with pseudoinverse allocation, the ADMM-based QP method achieves
closer circular trajectory tracking (a), smoother and lower-amplitude thruster forces (b),
reduced per-thruster energy consumption (c), and significantly lower total propulsion
energy (d), demonstrating improved efficiency and constraint handling.
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Fig. 4 Under steady ocean currents, the ADMM-based allocator achieves closer circular
trajectory tracking (a), smoother thruster force profiles (b), reduced per-thruster energy
usage (c), and lower total propulsion energy (d) compared to the pseudoinverse method.
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tains closer tracking than the pseudoinverse method, which exhibits larger
deviations. Thruster force histories in Fig. 4(b) reveal increased oscillations
and thrust reversals for the LS approach, while the QP-based method pro-
duces smooth, bounded commands. Consequently, Fig. 4(c,d) demonstrates
substantial reductions in both per-thruster and total energy consumption with
the ADMM-based allocation, highlighting its robustness under environmental
disturbances.

Although the evaluation is based on simulation, the adopted hydrodynamic
parameters and disturbance models are representative of practical underwater
vehicles and allow meaningful comparison between thrust allocation strategies.

5 Conclusion

This paper introduced ADMM-based quadratic programming for constrained
thrust allocation in over-actuated underwater vehicles. In simulations with
complex trajectories and ocean currents, the method achieves smoother thrust
profiles, improved trajectory tracking, and reduced energy consumption by
accounting for asymmetric thruster saturation and energy minimization.
Vehicle dynamics are modeled using a DH-parameter-based NewtonEuler
formulation, which simplifies equation derivation while preserving dynamic
accuracy. Future work will include the development of interaction-aware
thruster models and efficiency maps, along with validation using higher-
fidelity hydrodynamic simulations and experimental testing with a physical
underwater vehicle platform.
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