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Abstract Robotic welding is widely used in industrial manufacturing, where the
welding torch is often connected to the generator through an external umbilical.
With the increasing deployment of lightweight and collaborative robots, the dynamic
influence of this umbilical can significantly affect the robot motion and the actuation
forces. This paper proposes a constrained multibody dynamic model of a welding
umbilical, represented as a serial chain of rigid bodies interconnected by passive
joints with elastic and dissipative effects. Prescribed motions at the distal anchor point
are introduced through holonomic kinematic constraints. The equations of motion
are reduced by projecting the dynamics onto the subspace of admissible velocities,
yielding an efficient formulation free of Lagrange multipliers. The reaction wrench
exerted by the umbilical on the robot is explicitly recovered. A planar case study
illustrates the approach.
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1 Introduction

Robotic welding is widely used in industrial manufacturing due to its ability to
provide high productivity, repeatability, and consistent weld quality. In such appli-
cations, the welding torch mounted on the robot end-effector is connected to the
welding generator through a welding umbilical [14, 19]. Depending on the robot
design and workspace constraints, the welding umbilical may be routed internally
or externally along the robot structure. While external routing remains common in
industrial setups, it can be problematic for lightweight and collaborative robots. Due
to their reduced mass, these robots are more sensitive to external loads. In such
context, the welding umbilical can no longer be regarded as a negligible component.
Its weight and stiffness (torsion and bending) introduce additional forces that sig-
nificantly affect the robot’s dynamics. Accurately modeling the welding umbilical is
therefore essential for applications requiring reliable force estimation and realistic
dynamic response, such as control, collision detection, and physical humanrobot
interaction, provided that the resulting model remains computationally efficient and
compatible with in-line integration [6].

The dynamic modeling of elongated flexible structures, such as welding umbil-
icals, has been extensively studied in the literature using a variety of approaches.
Continuous formulationsbased on finite element methods or geometrically exact
beam theoriesprovide high-fidelity representations of cable dynamics [15,18]. How-
ever, despite their accuracy, these methods often result in large-scale systems that are
computationally expensive. Another well-established framework relies on Cosserat
rod theory, which models cables and slender structures as continuous rods with dis-
tributed strain variables [2,3,7]. While highly expressive, these models often require
implicit integration schemes and careful numerical treatment, especially to solve
the forward problem of dynamics. To reduce computational complexity, discretized
multibody or lumped-parameter models can be used. The cable is approximated as
a serial chain of rigid links connected by passive joints with stiffness and damp-
ing [4, 8, 13]. This strategy provides a favorable trade-off between physical realism
and computational efficiency. More recently, hybrid or data-driven approaches have
been explored. In [12], the authors combine physics-based modeling with learning
techniques to capture complex coupling effects between the robot and heavy indus-
trial cables. Motivated by the need for a computationally efficient and physically
meaningful model of welding cable, this work adopts a multibody discretization
of the umbilical as a serial chain of rigid bodies interconnected by passive joints.
Elasticity and dissipation are introduced through joint stiffness and friction mod-
els, while prescribed kinematic constraints are imposed at the distal anchor point.
The resulting constrained dynamics are formulated using Lagrange multipliers and
subsequently reduced by projecting the equations of motion onto the subspace of ad-
missible velocities. This projection-based approach eliminates the constraint forces
from the reduced system, enabling an efficient computation of joint accelerations,
while preserving the ability to recover the reaction wrench at the anchor point.

The remainder of the paper is organized as follows. Sections 2 & 3 present
the general kinematic and dynamic formulation of the umbilical as a constrained
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multibody system. Section 4 illustrates the approach on a planar case study. Finally,
conclusions and perspectives are discussed in Section 5.

2 Kinematics model of the umbilical

The umbilical is modeled as a serial multibody system composed of #+1 rigid bodies
interconnected by # joints. Let us remark that the type of joints and their assembly
depend of the beam kinematic that we want to reproduce. The bodies are indexed from
the fixed base bodyB0 to the distal bodyB# . For a given bodyB 9 , the index 8 denotes
its antecedent body. An orthonormal frame F9 = ($ 9 , s 9 , n 9 , a 9 ) is attached to each
body, where the unit vector a 9 defines the joint axis. The configuration of the system is
described by the vector of generalized coordinates q = (@1, . . . , @# )) ∈ R# , where
@ 9 denotes the relative angles around the joint axis 9 . The two tips of the umbilical are
assumed to be clamped. The base body B0 is fixed with respect to the world frame
F|, while the distal body B# may be subjected to prescribed motions (e.g.when
attached to a robotic manipulator). This induces a set of : holonomic constraints at
the configuration level. For numerical implementation, these constraints are enforced
at the velocity level by enforcing a prescribed velocity twistV� ∈ R6. The constraint
function 7(q, ¤q, C) is defined as:

7(q, ¤q, C) = A(q) ¤q − V� = 0 , (1)

where A(q) corresponds to the kinematic Jacobian matrix with respect to the general-
ized coordinates [6]. The time derivative ¤A(q, ¤q) naturally arises in the acceleration-
level formulation and will be used in the dynamic model. The complete system is
illustrated in Fig. 1.

Fig. 1: Definition of world, umbilical, and anchor point frames. The TCP frame
follows the prescribed motions.
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3 Dynamic Model of the Umbilical

We consider the following forward dynamics problem. At each time C, the state of
the multibody system is assumed to be known and is defined by x) = ( ¤q) , q) ). The
objective is to compute the joint accelerations ¥q by solving the forward dynamic
equations of the constrained multibody system together with the wrench of the
reaction forces f# applied at the distal anchor point. The equations of motion are
expressed in an assembled Lagrangian form as [1]:

M0 (q) ¥q + Q0 (q, ¤q) − 3 = ∇ ¤q7(q, ¤q, C)), , (2)

where M0 ∈ R#×# denotes the inertia matrix of the system, Q0 ∈ R# gathers the
vector of the generalized forces (including Coriolis, centrifugal, and gravitational
effects), and 3 ∈ R# represents the vector of joint torques arising from the elastic
stiffness and damping properties of the umbilical. The vector , ∈ R: gathers the
associated Lagrange multipliers and represents the generalized constraint forces.
These forces correspond to the reaction wrench transmitted from the anchor point to
the multibody system through the persistent contact constraints.

The joints of the umbilical are passive and not directly actuated. The joint torques
3 therefore arise solely from the mechanical properties of the umbilical, namely
its elastic stiffness and internal friction effects. The resulting joint torque vector is
modeled as:

3 = −Kq − F2sign( ¤q) − F{ ¤q , (3)

where K ∈ R#×# is the joint stiffness diagonal matrix, and F2,F{ ∈ R#×# are diag-
onal matrices gathering the Coulomb and viscous friction coefficients, respectively.

To compute the various dynamic matrices involved in the formulation (2), the
NewtonEuler formalism is employed. This approach has been extensively used for
both forward dynamics [5] and inverse dynamics [9] of multibody systems, owing
to its recursive structure, which ensures computational efficiency and scalability
with respect to the number of degrees of freedom. The NewtonEuler formulation
allows the systematic computation of link velocities, accelerations, and internal
forces through forward and backward recursive calculations along the kinematic
chain. In the present work, it is used to evaluate the inertia matrix M0, and the
vector of generalized internal forces Q0. The detailed derivation of the recursive
equations and their implementation can be found in [10]. For the sake of conciseness,
only the resulting assembled equations are presented in this paper. In order to
reduce the dynamics of the constrained system, (2) is projected onto the null
space of (1), corresponding to the subspace of admissible joint velocities. To this
end, the generalized velocity vector is partitioned into dependent (constrained) and
independent components, ¤q) = ( ¤q)

3
, ¤q)

8
), where the subscripts 3 and 8 denote the

dependent and independent joints, respectively. The independent coordinates are
those dynamically solved in the reduced system, while the dependent coordinates
are obtained from the constraint equations. Accordingly, the constraint Jacobian is
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decomposed as A =
[
A3 A8

]
, with A3 ∈ R:×: and A8 ∈ R:×(#−:) [11]. Assuming

that A3 is nonsingular, the velocity constraint (1) can be solved for the dependent
joint velocities as:

¤q3 =
[
−A−1

3
A8 A−1

3

] ( ¤q8

V�

)
. (4)

Thus, the admissible joint velocity vector takes the compact form:

¤q = H
(
¤q8

V�

)
, and H ∈ R#×# =

[
−A3

−1A8 A3
−1

1 0

]
, (5)

where 1 and 0 denotes respectively the identity matrix and the null matrix. Differ-
entiating (5) with respect to time yields the joint acceleration vector:

¥q = ¤H
(
¤q8

V�

)
+ H

(
¥q8

¤V�

)
, (6)

where ¤H denotes the time derivative of the admissible velocity mapping H. Using
the definition of H given in (5), the expression of ¤H can be analytically obtained as:

¤H =

[
A3

−1 ( ¤A3A3
−1A8 − ¤A8) −A3

−1 ¤A3A3
−1

0 0

]
. (7)

Substituting (6) into (2), and projecting the resulting equations onto the subspace
of admissible velocities using the matrix H, leads to a reduced formulation in which
the Lagrange multipliers do not appear explicitly. By construction, the first # − :

columns of H span the null space of A(q), while the remaining : columns ensure
that the velocity constraint A(q) = V� is satisfied. Consequently, premultiplying
the equations by H) eliminates the constraint forces associated with the admissible
velocity subspace. The resulting reduced dynamic system is given by:

MA

(
¥q8

¤V�

)
+ QA = 0, (8)

where the reduced inertia matrix MA ∈ R#×# and the reduced force vector QA ∈ R#

are defined as:

MA = H)M0H , and QA = H)

(
Q0 − 3 + M0 ¤H

(
¤q8

V�

))
. (9)

In (8), the term ¤V� is known, as it corresponds to the prescribed vector of accel-
eration imposed at the distal anchor point. The unknown quantity to be determined
is therefore the vector of independent joint accelerations ¥q8 . The reduced matrices
and vectors are partitioned accordingly as:

MA =

[
MU1 MV1

MU2 MV2

]
, and QA =

(
Q1
Q2

)
, (10)
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leading to the linear system:

MU1 ¥q8 = −Q1 − MV1
¤V� . (11)

The linear system is solved to obtain the independent joint accelerations ¥q8 . The
full joint acceleration vector ¥q is then reconstructed using (6). Finally, the reaction
forces exerted by the umbilical at the anchor point can be recovered from the Lagrange
multipliers. According to (2), the multipliers satisfy:

, = (A) (q))+ (M0 (q) ¥q + Q0 (q, ¤q) − 3) . (12)

where (·)+ denotes the MoorePenrose pseudo-inverse. This formulation provides the
minimum-norm solution of the Lagrange multipliers under the assumption that the
constraint Jacobian A(q) has full row rank. The resulting vector , corresponds to the
generalized reaction wrench transmitted by the umbilical at the anchor point. These
reaction forces can therefore be directly used as input for the dynamic model of the
robot to which the umbilical is attached, ensuring a consistent coupling between the
umbilical dynamics and the robot motion.

4 Application to a Planar Case Study

To illustrate the proposed formulation and assess the dynamic impact of a welding
umbilical on a robotic system, we consider a planar case study where closed-form
expressions for the kinematic quantities can be derived. The umbilical of length !

is modeled as a planar serial chain consisting of # revolute joints and # + 1 rigid
links of equal length ; = !/(# + 1). This discretized representation is equivalent to
a planar KirchhoffLove beam model, where only in-plane bending deformations are
considered. Axial extension, compression, and transverse shear effects are neglected,
and the links are assumed inextensible. The Jacobian matrix A ∈ R3×# , which
relates the joint velocities toV� , is obtained by differentiating the forward geometric
model [6]. The 8-th column of the Jacobian is given by:

0A8,# =
[
−;∑#

9=8 sin(q 9 ) ;
∑#

9=8 cos(q 9 ) 1
]) with q 9 =

9∑
:=1

@: . (13)

The time derivative of the Jacobian, required for the constrained dynamic formu-
lation, is obtained by direct differentiation. The 8-th column of ¤A is:

0 ¤A8,# =
[
−;∑#

9=8 cos(q 9 ) ¤q 9 −;∑#
9=8 sin(q 9 ) ¤q 9 0

]) . (14)

At the first step of the simulation, the initial configuration of q must be specified.
To minimize artificial transient effects, this configuration is chosen as close as
possible to the static equilibrium under gravity. For initialization, the umbilical is
modeled as a flexible, homogeneous, and inextensible cable, subjected only to a
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uniform gravitational field. Under these assumptions, the static equilibrium shape
is approximated by a catenary curve [17]. In the current study, the umbilical is
discretized into # = 10 revolute joints with a segment length ; = 0.14m, resulting
in a total length of 1.54m. The cable is characterized by a linear mass density of
2kg m−1, an equivalent local joint bending stiffness of 5 N m rad−1 and a joint viscous
friction of 0.1 N m s rad−1. These values were selected to be consistent with industrial
robot welding umbilicals, but no experimental identification was performed at this
stage. The choice # = 10 balances computational cost and deformation resolution.
Increasing # did not significantly alter the qualitative results. The distal end of the
umbilical is attached to a planar 3-R robot with equal link lengths of 0.4 m and a
total mass of 36 kg. For the needs of the example, the robot dynamics are modeled
using an inverse dynamic computed-torque formulation [9]. At each simulation
step, the robot joint position, velocity, and acceleration profiles are prescribed. The
corresponding end-effector twist and acceleration are obtained through the forward
kinematic recursion of the NewtonEuler algorithm. These quantities are then imposed
as kinematic constraints in the umbilical model. The constrained direct dynamics of
the umbilical are then solved to compute both the joint accelerations and the reaction
wrench exerted at the anchor point. This wrench is subsequently introduced in the
backward recursion of the robot inverse dynamics to evaluate the additional joint
torques induced by the cable. This procedure results in a fully coupled robotumbilical
dynamic simulation. As a proof of concept, the robot end-effector is required to follow
a circular trajectory of radius ' = 0.3 m with constant orientation over a duration
of 5 s. This trajectory is chosen for illustrative purposes and does not restrict the
generality of the proposed approach. The desired Cartesian velocity is defined as:

V(C) =
(
−'l sin(lC) 'l cos(lC) 0

)) , (15)

which are converted into joint-space commands using the Jacobian pseudoinverse.
The linear system (11) is solved iteratively using a Krylov subspace method such
as GMRES [16] to avoid the explicit inversion of the matrix MU1 , which may be
large and ill-conditioned for a fine discretization of the umbilical. The coupled
system is integrated using a predictorcorrector scheme with a fixed time step of
0.5 ms. Figure 2(a,b) illustrates the initial and intermediate configurations of the
system, including the robot, the welding umbilical, and the prescribed trajectory.
Figure 2(c) compares the robot joint torques obtained with and without considering
the umbilical dynamics. The results show that the torques induced by the umbilical
are non-negligible and significantly modify the robot dynamic response, despite the
umbilical mass being more than one order of magnitude smaller than that of the robot.
These results highlight the importance of explicitly modeling external welding cables
in robotic applications, particularly for lightweight robots and dynamic trajectories,
as neglecting their influence may lead to significant errors in torque estimation and
control performance.
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(a) Initial configuration and cir-
cular end-effector trajectory.
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(c) Effect of the welding um-
bilical on robot joint torques.

Fig. 2: Robotumbilical interaction in the planar case study.

5 Conclusions and future work

This paper introduced a dynamic modeling framework for welding umbilicals and
their interaction with robotic manipulators. The umbilical was modeled as a con-
strained multibody system, consisting of a serial chain of rigid bodies connected by
passive joints. This approach captures elastic and dissipative effects while remaining
compatible with standard robotic dynamics formalisms. Prescribed motions at the
distal anchor point were enforced through holonomic kinematic constraints, and the
equations of motion were efficiently reduced by projecting them onto the subspace
of admissible velocities. The proposed formulation enables both the computation
of the umbilical joint accelerations and the explicit recovery of the reaction wrench
exerted on the robot. A planar case study illustrated the approach, demonstrating
that the dynamic effects induced by the welding umbilical are non-negligible, even
when its mass is significantly lower than that of the robot. These findings underscore
the importance of explicitly accounting for external welding cables in robotic con-
trol and dynamic analysis, especially for lightweight and collaborative robots. Future
work will focus on experimentally validating the proposed model using a real robotic
welding setup and identifying the umbilical’s mechanical parameters. Extensions to
the framework will also be explored, including attachments at intermediate robot
links and the integration of mobile or sliding anchor points along the robot structure.

Acknowledgements This research was supported by ANRT CIFRE grant nř2023 /1565, which
funded the first author’s doctoral studies.

References

1. Boyer, F., Belkhiri, A.: Reduced locomotion dynamics with passive internal dofs: Application
to nonholonomic and soft robotics. IEEE Transactions on Robotics 30(3), 578–592 (2014).



Dynamic Modeling of a Welding Torch 9

DOI 10.1109/TRO.2013.2294733
2. Boyer, F., Gotelli, A., Tempel, P., Lebastard, V., Renda, F., Briot, S.: Implicit time-integration

simulation of robots with rigid bodies and cosserat rods based on a newton–euler recursive
algorithm. IEEE Transactions on Robotics 40, 677–696 (2023)

3. Boyer, F., Porez, M., Khalil, W.: Macro-continuous computed torque algorithm for a three-
dimensional eel-like robot. IEEE transactions on robotics 22(4), 763–775 (2006)

4. Du, H., Jiang, Q., Xiong, W.: Dynamic geometrical configuration predictions during robotic
manipulation for automated cable assembly. Journal of Manufacturing Systems 64, 121–132
(2022)

5. Featherstone, R.: The calculation of robot dynamics using articulated-body inertias. The
International Journal of Robotics Research 2(1), 13–30 (1983)

6. Khalil, W., Dombre, E.: Modeling, identification and control of robots. Butterworth-
Heinemann (2004)

7. Khalil, W., Gallot, G., Boyer, F.: Dynamic modeling and simulation of a 3-d serial eel-
like robot. IEEE Transactions on Systems, Man, and Cybernetics, Part C (Applications and
Reviews) 37(6), 1259–1268 (2007)

8. Klimchik, A., Pashkevich, A., Chablat, D.: Stiffness Modeling of Parallel Robots. 1. Springer
(2025)

9. Luh, J.Y., Walker, M.W., Paul, R.P.: On-line computational scheme for mechanical manipula-
tors (1980)

10. Mauny, J., Porez, M., Boyer, F.: Symbolic dynamic modelling of locomotion systems with
persistent contacts-application to the 3d bicycle. IFAC-PapersOnLine 50(1), 7598–7605 (2017)

11. Merlet, J.P.: Parallel robots. Springer (2006)
12. Mou, F., Wang, B., Wu, D.: Learning-based cable coupling effect modeling for robotic manip-

ulation of heavy industrial cables. Scientific Reports 12(1), 6036 (2022)
13. Moussa, K., Thieffry, M., Claveau, F., Chevrel, P., Caro, S.: Dynamic models for simulation

of cable-driven parallel robots with elasticity and sagging. Mechanism and Machine Theory
209, 105972 (2025)

14. Pires, J.N., Loureiro, A., Bölmsjo, G.: Welding robots: technology, system issues and applica-
tions. Springer (2006)

15. Quan, W.C., Zhang, Z.Y., Zhang, A.Q., Zhang, Q.F.: Three-dimensional dynamic behavior of
the flexible umbilical cable system. Applied Mechanics and Materials 390, 225–229 (2013)

16. Saad, Y., Schultz, M.H.: Gmres: A generalized minimal residual algorithm for solving non-
symmetric linear systems. SIAM Journal on scientific and statistical computing 7(3), 856–869
(1986)

17. Such, M., Jimenez-Octavio, J.R., Carnicero, A., Lopez-Garcia, O.: An approach based on the
catenary equation to deal with static analysis of three dimensional cable structures. Engineering
structures 31(9), 2162–2170 (2009)

18. Tian, B., Bhattacharya, S.: Modelling and control of a spatial dynamic cable. Acta Mechanica
Sinica 35(4), 866–878 (2019)

19. Weman, K.: Welding processes handbook. Elsevier (2011)


