Proposal of a Novel
Lattice Knot Manipulator

Ravi Tripathi and Rama Krishna K

Abstract This study integrates kinematic linkage theory with knot theory by
modeling non-self-intersecting closed chains as piecewise-linear embeddings.
A trefoil knot is represented as a multi-DOF spatial closed-loop manipulator
composed entirely of revolute joints. The manipulator consists of an assembly
of rigid segments arranged within a cubic lattice. A screw-theoretic framework
is employed to investigate the motion behaviour of end-effector of the lattice
knot manipulator (LKM) by analyzing the resulting twists under various
joint-rate inputs.

1 Introduction

The design of closed kinematic chains is a long-standing area of research
in mechanisms and robotics. Although significant progress has been made
in the study of multi-degrees of freedom (DOF) planar closed-loop mecha-
nisms [6, 8], research on multi-DOF spatial closed-loop mechanisms remains
limited. In spatial manipulators, often the focus is on serial, in-parallel, and
hybrid architectures. The reason for less focus on multi-DOF spatial closed-
loop mechanisms could be the relatively large space their embodiments may
occupy. Usually, multi-DOF planar and spatial mechanisms are often designed
as single loop or multi-loop arrangements.
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Fig. 1: (a) Trefoil knot (b) 12-stick trefoil lattice knot

In this paper, we use the new idea that a closed-loop linkage can be de-
signed in a knotted configuration wherein it forms a non-self-intersecting
closed spatial chain. Basically, we are inspired from the entities called knots
in mathematics. In topology, a knot K is defined as a smooth embedding of
the unit circle S in three-dimensional Euclidean space R? [2]. From a me-
chanical perspective, a knot may be viewed as a closed-loop kinematic chain
in which the spatial curve is idealized as a sequence of rigid links connected
by joints, typically of revolute type. Polygonal knots provide piecewise-linear
approximations of such embeddings using straight segments and allow dis-
crete analysis [3]. A further restriction leads to lattice knots, composed of
straight line segments that run only along the grid directions (X,Y,Z axes).
Lattice knot is a knot embedded in the cubic lattice (the infinite 3D grid of
points with integer coordinates) [7,9]. The lattice stick number sy, (K) is the
minimum number of line segments required to realize a given lattice knot; for
example sz,(31) = 12 for the trefoil knot [1,10,11] shown in Fig. 1(a).

In this work, a trefoil lattice knot is proposed to be modeled as multi-
DOF spatial closed-loop manipulator by interpreting it as an assembly of
straight segments arranged on a cubic grid. The geometry and mobility of
this novel Lattice Knot Manipulator (LKM) is discussed in section 2. The
velocity analysis using screw theory is detailed in section 3 of the paper.

2 Architecture, Geometry, and Mobility of LKM

A knot can be realized kinematically as a closed-loop spatial manipulator,
such a realization must satisfy specific geometric conditions to constitute a
knotted linkage. The Fary—Milnor theorem [4] states that a smooth closed
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curve in three-dimensional space forms a nontrivial knot only if its total
curvature is at least 4m; if the total curvature is less than or equal to 47, the
curve is necessarily an unknot. An analogous result holds for closed discrete
linkages, which can realise a nontrivial knot only when their total turning
angle exceeds 4w . For the case illustrated in Fig. 1(b) and Fig. 2, the total
turning angle equals 67, and hence the given configuration satisfies the knot
condition.

Fig. 1(a) illustrates the trefoil knot, defined as the simplest non-trivial,
non-self-intersecting closed curve within a three-dimensional spatial domain
( R3). Its corresponding lattice discretization is depicted in Fig. 1(b), mod-
elled as a sequence of piecewise linear segments—referred to as sticks—inter-
connected at discrete joints. The polygonal structure shown in Fig. 1(b) is
characterized by a specific planar alignment: every three consecutive joints
are coplanar. For instance, joints {A, B,C} define a frontal plane, while
{B,C,D} and {C, D, F} occupy horizontal and lateral-vertical planes, re-
spectively. This geometric constraint is consistently applied throughout the
remaining segments of the lattice.

End-effector

Fig. 2: Trefoil type LKM.

The spatial closed-loop manipulator illustrated in Fig. 2 features an ar-
chitecture derived from the trefoil knotted lattice configuration shown in
Fig. 1(b), with every interconnection at each joint achieved through a rev-
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olute pair. The assembly has 12 joints, labeled {A, B,C,..., L}, and a se-
quence of 12 interconnected link segments numbered {0,1,...,11}, with link
0 fixed and link 6 designated as the end-effector of the spatial manipulator.
A space fixed frame {X,)Y,Z} is attached to the joint A. The manipulator
shown in Fig. 2 incorporates three distinct link lengths: links {GH,CD, LK}
measure ¢ units; {AB, FE,IJ} measure ¢ units; and the remaining links
{AL,BC,HI,JK,DE} measure b units.

The mobility (M) of the lattice (box-shaped) spatial linkage shown in
Fig. 2, comprising N = 12 rigid links and j = 12 revolute joints, is deter-
mined using the Griibler-Kutzbach formula for spatial mechanisms, where f;
represents the number of degrees of freedom associated with the ith joint.

M=6(N-1-34)+> (f)=6 (1)

i=1

This implies that the mechanism possesses six independent degrees of free-
dom, and therefore requires six independent inputs for complete control. Ac-
cordingly, the trefoil linkage consists of twelve joints, six of which are active
while the remaining six are passive. As illustrated in Fig. 2, the active joint
set includes {4, B,C,J, K, L} (marked red), with all other revolute joints
remaining passive.

3 Velocity Analysis

We now analyze the first-order instantaneous motion characteristics of LKM
in the home configuration shown in Fig. 2. Using screw theory [5], the screws
corresponding to the revolute pairs are given by:

i5i+1]
i Qit1
SO

IS { @)

where {S%*! represents the unit direction vector or unit angular velocity along
each joint axis and iSiOH is the line moment of the axis about reference point
O. The loop closure equation for the lattice knot linkage in terms of screw
coordinates, shown in Fig. 2 can be written as:

00'1 0$1 +1 0'2 1$2 +q 0'3 2$3 +3 0'4 3$4 4 0'5 4$5 +5 96 5$6

+6 97 6$7 +7 98 7$8 +3 99 8$9 +9 910 9$10 “+10 911 10311 +11 90 g0 — (3)
Where ?$"+! represents, the relative twist of link ¢ + 1 w.r.t. link 4 and Z‘éi+1
amplitude of the angular velocity.

The directions of the six joint axes, expressed in the fixed reference frame
shown in Fig. 2, are given by:
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06t ={0,0,1}7, 18?2 ={1,0,0}", 25%={0,1,0}"
384 =1{0,0,1}7, 18°={1,0,0}7, 55°=1{0,1,0}"
={0,0,1}%, 7s% ={1,0,0}7, 85°=1{0,1,0}"
2§10 ={0,0,1}7, st ={1,0,0}", 'S°={0,1,0}" (4)
Then the moment of the line along the ith joint w.r.t to the fixed reference
frame O is given by:
08L ={0,0,0}7, 'S% =1{0,0,—c}T, 283 ={b,0,0}7
384 = {c,—a,0}7, 1S3 =1{0,-b,(b—c)}", PSE ={(b—c),0,a}"
056 ={—(a=b),—(a—0),0}", 7% ={0,—(b—c),—-b}"
882 = {a,0,(b—c)}" 98Y = {b,—b,0}%,
et = {0, —a,0}", M52 ={0,0,6}" (5)

Eq. (3) can now be written in matrix form as
(0122 =0 (6)

Here, J is the 6 x 12 Jacobian matrix expressed in terms of the unitized screw
coordinates of the system, with its columns corresponding to the Pliicker
coordinates of the revolute joints

[J]

6Xx12

J— [0$1 1g2 2¢3 3g4 4g5 5¢6 6¢7T Tg8 8¢9 9¢l0 10gll 11$0] (7)
and @ denotes the vector of joint velocities, given by

0 = [()01 192 293 394 495 596 667 708 899 9010 1(]911 1190] (8)

Eq. (6) can also be written in terms of partitioned form in terms of passive
and active joint rates as:

JO=J,0,+J,0,=0 (9)
If J, is invertible, then the passive joint rates are obtained as:
6,=—J,7'J.0, (10)

This configuration ensures that the passive joint motions are inherently con-
strained by the mechanism’s geometry. Here, 0 and 0, denote the joint rates
for the passive and active joints, respectively, Whlle Jp and J, represent the
corresponding 6 x 6 Jacobian matrices. Given that the first three and last
three joints relative to fixed link 0 are actuated with the intervening joints
remaining passive. The passive joint rates can be derived using Eq. (9) as
follows:
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001 304
102 105
[0$1 1g2 2¢3 9¢10 10g11 11$0] 2.93 + [3$4 4¢5 5¢6 6¢7 78 8$9} SQG =0.
9010 607
Ja 109.11 T 74?8
1100 809
b o,
In other words,
0100 10]]ob 0 1 0 0 1 0 304
0010 01 102 0 0 1 0 0 1 405
1001 00|26 L0 0 1 0 0 506 0
00bb 00| |96 c 0 (b—c)—(a—0D) 0 a 607 ’
000-b—-a0| |06y —a b 0 —(a=b)—(b—-¢) 0 708
0—c00 0 b |4, 0 (b—¢) a 0 =b  (b=0)] |gbo
Therefore,
192 +10 9}1 0 1 0 0 1 0 39.4
203 +11 0o 0 0 1 0 0 1 45
0‘?’1 +9 ;0.10 + 1 0 0 1 0 0 59:6 =0
(203 49 610)b c 0 (b—c)—(a=0b) 0 a 607 ’
—(9910)5 - (10911)a —a —b 0 —(a=0b)—(b—c) 0 705
—(16.2)C+(119.0)b 0 (b—C) a 0 b (b—C) 8é9

The inverse of the J, from Eq.(11) is given by

2b% —2bc+c? —ac—bc+c?
A 2 4
—ab+ac—2bc+c ab+b“—bc
A A .
2b272bc+02 72ab2+ac2+b2672b62+03
J—l _ A det(A)
P —2b2+2bc—c? ac+bc—c?
ab72b%+2bc 7ab7AbQ+bc
A A
—2b2+2bc—c2 azc—abc+ac2+2b3—3bzc+bc2
A det(A)
2ab—2b> c 2b—c c
A A A A
7a2+ab7ac+bc —=b —a+tb—c —b
A A A
2(12b—a2c—2ab2+3abc—a¢22—2bzc—‘,-bc2 QbQA—bc 2b—c c
72ab+ac+c2 —c —2bt+c —c
A A A A
az—ab—o—ac—bc b a—b+c b
A A A
—2a%b4a’c+2ab® —3abetac® +2b%c—be? —2b§+bc —2b+c —c
det(A) det(A) A A

where A = ac — 2b? + ¢? and det(A) = a%c — 2ab? — abc + 2ac? + 2b3 — 2b%c —

bc? + 3. The passive joint rates 0, are given as
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M,UGJFC@ — 03409+ 011

o15 . ) o15

b O2+100 ab—ac+2bc— -2

o1 0— (102+10 11)(015 <) + 09+ 07
(29'3+119'())(}72(37(7167217(32 +c +aa2)

. YL — 3409 — — 08+ 04
0, = — O15 . 013 5 13
P o6 — % + o3 — 09+ (091+991027(105 tac—2ab) o1 ( )
010+ (102+10611) (ab+2bc—2b7) +9 5oy —on
o5 — (293+1190)(a2c7ab§£3;‘c2+2b373b2c+bc123 _ % oyt 08— 04
where
. . 19.2 +10 9.11 2b% — 2bc + ¢ 014(2b — ¢
o1 ="01100 — c 102, 02:( )( ), 03:¥
015 015
(001 +9 010)(20 — c)o12 (001 +9 b10)o12
04 = 5 0y — ————————————
013 J15
(293 +11 90)(GC+bC—C2) o (203 +11 00)(ab—bc+b2)
015 015
b2(203 +9 910)(2b — C) 014(& — b =+ C)
g8 = ) o9 = —
013 015
b (265 +9 0 be(26s +o 0
010:7(2 3+9 10), 0'11:7(2 3+9 10), Jlgiab*CLC‘l’bC*az
015 015
o153 = —a%c + 016 + abe — 2ac? — 26 + 2b%¢ + bc? — 3
014 =@ 10911 +b 9(9.107 015 = —2p? + 2 +ac, 016 = 2ab?

3.1 Numerical Cases

The link lengths are assumed as {GH,CD,LK} = a = 150 units, {AB,
FE IJ} = ¢ =50 units, and {AI, BC,HI,JK,DE} = b = 100 units. Hav-
ing obtained the generalized joint rates and specified the link dimensions,
the following cases examine the resulting motion characteristics of the end
effector.

Case 1: When three simultaneous active joint rates on the left and right
sides of the fixed link are each assigned a value of 1 rad/sec. Finally, the
passive joint rates can be obtained from Eq. (13) as

[30.4 495 5é6 6é7 798 gég]T - [00, *10, OO, *2.0, 710, 720}T (14)

Now that the joint rates of both the passive and active joints are known, the
twist of the end-effector with respect to the fixed reference frames O can be
expressed as

086 =, 0; 98! +1 05 '$? +2 05 29 +5 04 38" +4 05 1% +5 05 °$° (15)
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Eq. (15) can also be written in matrix form as

0100 1 0 o1 01 0 0 1 07 ]
0010 0 1 102 00 1 0 0 11]]/b

oge _ |1 001 0 0 203 {10 0 1 0 0] o0 (16)
00bec 0 (b—c)l |36 0 0 100 50 0 50| |46,
000-a —b 0 105 0 0 0 —150-100 0 | |,ds
0-¢c00 (b—c) a 50 0-50 0 0 50 150] |4,

Hence, the end-effector twist (°$6) reduces to [0,1,1;100,100,-100]. The am-
plitude of the twist is v/2 rad /sec and the associated pitch in this case is zero.

Observation 1: The twist exhibits a zero-pitch screw, indicating that the end-
effector undergoes pure rotation about its screw axis.

Case 2: The three active joint rates are set to 1 rad/sec on the left side and
2 rad/sec on the right side of the fixed link. In this case , Eq. (13) yields the
passive joint rates as

364 465 506 ofr 705 sfo] = [~1.5, —1.0, 1.5, —1.5, =2.0, —1.5]"
(17)

Hence, the end-effector twist (°$¢) from Eq. (16) is obtained as
08¢ = [0, —0.5, —0.5; —50, 325, —325] (18)

In this case, the amplitude of the twist is 1/1/2 rad/sec and the associated
pitch is zero.

Observation 2: In this case as well, the end-effector link undergoes pure ro-
tation.

Case 3: When the values of all active joint rates on the left and right
sides of the fixed link are different. Let the active joint rates be [091 105 293

. . . 1T
9010 10011 1190} =[1,2,3,4,5,6] rad/sec. The corresponding passive joints

rates (in rad/sec) are given by
364 465 506 607 705 o] = [~6.5,2.0, —10.5, 1.5, -9.0, 1.50] " (19)
As a result, the end-effector twist obtained from Eq. (16) is
086 = [4.00, —7.50, —5.50; —550, 775, —1575] (20)

with amplitude 10.12 rad/sec and a non-zero pitch (h =~ 65 units)
Observation 3: In this case, the end-effector is in a general screw motion.
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4 Closure

This work has presented an architecture of a new 6-DOF closed-loop manip-
ulator inspired from a lattice knot. The velocity analysis of the LKM has
revealed that the end-effector of the manipulator is capable of performing
general spatial motion. Even though the workspace of the end-effector of
such a manipulator is small, it may have potential applications in the design
of precision devices and medical surgeries. Hardware realization of a LKM
should address the issues of singularities, link interference, and joint limits.
An extension to the present work can explore more complex knot geometries.
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