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Abstract The model of Continuum Parallel Robots (CPRs) often relies on an
accurate knowledge of the material and geometrical properties of the system,
which can be subjected to variations due to multiple factors such as fabri-
cation parameters, oversimplifying assumptions, material fatigue, etc. This
paper proposes a method based on a sensitivity analysis framework, that al-
lows to map variations in the model parameters of a CPR. to variations in the
position of its End-Effector. Simulations of a planar RFRFR CPR, making
use of the strong form of the Cosserat Rod model, are used to validate the
method.

1 Introduction

Continuum Parallel Robots (CPRs) have been the subject of growing research
interest because of their ability to combine the compactness, simplicity and
compliance of Continuum Robots with the precision and strength of parallel
architectures [3]. Their performance is usually evaluated using Jacobian based
metrics, which focus on the behavior of the robot’s End-Effector (EE). Such
indicators can be used to quantify the robot’s manipulability [3], analyze its
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behavior near singular configurations [4], evaluate the stability of the obtained
solution [8], and characterize a variety of additional behaviors. However, these
indicators rely on an accurate knowledge of the model parameters, which can
be subjected to uncertainties.

Indeed, CPRs often make use of polymers and elastomers produced by a
series of chemical and physical processes such as silicone molding or 3D print-
ing. Fabrication parameters including temperature, elastomer to curing agent
ratio, and infill orientation can produce material properties that considerably
differ from the ones found in literature [5, 9]. Additionally, the model of the
material can be subjected to oversimplifying assumptions (isotropy, linear-
elasticity, etc.), and materials can degrade over time or when exposed to a
harsh environment. Furthermore, geometrical parameters such as the lengths
of the different flexible segments, can also be subjected to variation due to
fatigue and wear of the material [7]. Thus, there is a need to quantify the
effect of variability of the parameters in a CPR model.

In this paper, we present a method to quantify how uncertainty in the
model parameters of a CPR affects the position of its EE platform, by con-
ducting a sensitivity analysis adapted from the works of Afifi et al. [1], and
Srour [6], dedicated to the robust trajectory planning of drones.

Section 2 presents a brief summary of the modeling of CPRs making use
of the Cosserat rod theory [3], as well as the necessary theoretical elements to
carry out the sensitivity analysis and Section 3 aims to validate the method
by performing simulations of a RFRFR, CPR.

2 Problem Formulation
2.1 Geometrico-static Model of CPRs

A CPR is composed of n flexible segments assembled in parallel. The shape
of the " segment can be modeled by the Cosserat rod ordinary differential
equations (ODE) in which a deformable body is represented as a set of a
continuous rigid cross-sections stacked along the neutral fiber of the rod. Each
cross-section is parametrized by its position p;(s;) € R? and orientation in
the form of a rotation matrix R;(s;) € SO(3), forming a body reference frame
which is a function of the arc length s; € [0,;]:

560 = |5 P s 0
1x3

where SO(3) and SE(3) refer to the 3D special orthogonal and Euclidean

groups, respectively. For the sake of space, in this paper we do not give

details about the formulation of the Cosserat rod equations, the reader can

refer to [3] for details.
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Let the model of the ith—leg be written as a generalized system of ODEs:
w;(&) = fi(zi(s;),pi) Viel,...,n (2)

where x; = [g;,n;, m;] € SE(3) x RS is the state vector of the i*'-leg, com-
posed of g; the pose of the cross-section at s;, n; and m,;, the internal force
and moments of the leg, respectively. The symbol () denotes the deriva-
tive with relation to the arc-length s;, i.e. xi(s;) = MTS) Additionally,
p; € R denotes the vector of model parameters, composed of the mechan-
ical properties of the material as well as geometrical parameters of the legs.
Note that the parameters that appear in p; can vary depending on the model
formulation.

To form the model of a CPR, the single leg model in (2) is coupled with
constraint equations issued from a static equilibrium of the EE platform and
geometric constraints specific to the robot design. As presented in [3], the

static equilibrium conditions can be written as follows:

Y]+ fo=0 5
S pi(l) x ni(li)] — pe X fo —mp =0

where fr and m; denote the external force and moment vectors applied at
Pr, the center of the EE platform. The geometric constraints are based on
the joint types that link the different flexible segments with the platform,
and as such they vary according to the CPR design [3]. Here the geometric
constraints are assembled into a vector equation taking the generic form:

U(gr,g1(l1),---,gn(ln)) =0 (4)

Thus, the geometrico-static model of a CPR is formed by combining the
constraints in (4), computed thanks to the integration of the Cosserat ODEs
in (2), with a linear function allowing to fix either the motor positions or the
EE configuration, represented by vectors q, and gqp respectively. i.e. either
qo—q? or g» — q¢ with the superscript d indicating a set of variables imposed
by the user.

The static configuration of the CPR is then obtained by canceling a resid-
ual taking the generic form:

R(y,p) =0 (5)

where y = [qq, gr, )T € R™ is the state vector of the robot, composed of g,
the actuation variables, gp the variables related to the pose of the EE platform
and p the wrenches at the base of the different flexible segments, containing
all variables m; and m; of the state vector @; given below (2). Additionally,
p=[p1,...,pn]T € R™ denotes the vector of the robot parameters, obtained
by concatenating the parameters vector of each segment.
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2.2 Sensitivity Analysis Framework Applied to CPRs

The presented method is derived from the works in [1, 6], in which the sen-
sitivity metrics are computed by forward integration along a time-dependent
trajectory representing the motion of a mobile robot. In our case, these
metrics are computed by integrating along a space curves, representing the
robot’s flexible legs. Despite the change in perspective, the equations can be
solved in the same manner as in the previously cited works.

Each component p;; of the parameters vector of each leg, p;, is assumed
to lie inside a known range centered at a nominal value p;;:

Vi=1,....n
Vi=1,...,n,

pij € [pi; = Opij, pi; + Opis] (6)

The leg’s state sensitivity, noted IT;(s;), is defined as a matrix that quan-
tifies how variations of the parameters p; around their nominal values p; will
affect the evolution of the state x; of the leg:

8313i (S)

Ii(s) = 25020 e peenn @
3pi — %
Pi=pP;

This matrix generally cannot be computed in a closed form, but it can be
obtained via forward integration of a differential equation along the curve:

_Ofi o Ofi
= e, NIACHES p;

IT;(s:)

(3

with: IT,(0) =0 (8)

The Jacobian matrices g—_;z and g—fi are computed analytically in this paper,
in general cases they can be obtained by numerical methods such as the finite
difference method. The matrix IT;(s;) can then be used to compute different
sensitivity metrics as presented in [1, 6].
In the case of the complete CPR, the full state sensitivity of the robot is
defined as follows:
_ %

R’I’Ly an

p=p*

This matrix is obtained by applying the implicit functions theorem to the
residual in (5). Let R(y(p), p) = 0, if %—7; is invertible at a given point [y, p],

then: )
OR [(OR\
I, = ——. | — 1
Y op (811) (10)

In our application we can determine the analytical expression of the Ja-
cobian matrices. With % making use of the transition matrix of the ODE

of each leg and %—7; making use of the state sensitivity matrices of each leg
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evaluated at their tip, IT;(s; = [;). In a general case, these matrices can be
numerically computed.

The full sensitivity matrix IT, allows us to exploit ellipsoids to map varia-
tions in the parameter space to the state space of the system, assuming that
the parameters in p belong to a bounded interval as seen in (6). For details
about the computation of the ellipsoids, see [1, 6]. First, let us consider that
the uncertain parameters lie inside an ellipsoid centered at p*, described by
the equation:

ApT Wt Ap <1 (11)

with Ap = p — p*, the variation of the parameters around their nominal
value, and W = diag(ép?j) € R™ %™ a weights’ matrix used to scale the dif-
ferent parameters by their corresponding variation range as presented in (6).
Assuming, Ap is sufficiently small, (9) can be written as:

Ay ~ IT,,.Ap (12)

with Ay = y — y*, where y* is the state that satisfies (5) in the nominal
case. Equation (11) can then be rewritten to define the uncertainty ellipsoid
in the state space:

Ay" (mwHn) T Ay <1

13
AyTKI_TiAy <1 (13)

with Ky, = HyWHyT a symmetric and positive semi-definite matrix called
the state sensitivity kernel matrix.

As such, when the parameters p vary inside the ellipsoid defined by (11),
the corresponding perturbed state y will be located inside the ellipsoid
in (13). These equations are based in the first order approximation given
n (12). Despite this approximation, the method yields satisfactory results,
as it will be shown in the next section.

3 Case Study: Planar RFRFR CPR with 4 Parameters

As presented by Altuzarra et al. in [2], the planar RFRFR CPR is composed of
two flexible segments linked by a pivot joint at their extremities and actuated
by revolute motors at their bases. Additionally, as seen in Figure 1, the model
in [2] is modified to also take into account the rigid segments that connect
the legs to the motors and to the pivot joint as well as the pre-curvature
of the rods at rest. The legs are modeled using a simplified version of the
Cosserat rod model in which the segment is considered to be inextensible
and unshearable (Kirchhoff assumptions), and only bending stresses in the
yz-plane are taken into account.

Let & = [pyi; D, 0;]" represent the position and orientation of the cross-
section at arc-length s; for the ith rod. Let n; = [nyi,nzi,mm}T denote the
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internal forces and moments of the rod, and let Wexy = [fyi, fzi, lei]T be the
external distributed forces and moments applied at the rod. By dropping the
dependency of s; for the sake of space, the geometrico-static model of the rod
in the yz-plane, can be written as follows:

cos 6;
52 = sin 01
Mg 1
L koi T Tei
Vi=1,2 [ —fyi (14)
pi = —fai
| 7yi- Sin 0; —n,;cosb; — l;
with:  &;(0) = &0, pi(0) = pio

where ky; = FE;.I; is the bending stiffness of the rod and r.; the pre-curvature
radius at rest. The rods have a rectangular cross section of dimensions i and
w and for the sake of simplicity, we consider that ky; = kpo and re; = —7res.
The rest of geometric parameters are given in Table 1.

As explained in section 2.1, in the case of the inverse problem, the model
of the robot’s static configuration can be found by canceling the following
residual:

Fo—mni(lh) — na(l2)
mx,l(ll)
_ Mg 2(l2) _
Riy.p) = pr —pi(l1) + Ri(0)ar — Ri(l)by | 0 (1)
Pr — p2(l2) + R2(0)az — Ra(l2)bs
DPr — Pdes

where the state vector of the system y = [qq,pr, u]T € R° is composed
of the motor angles at the base of the rods (g, € R?), the position of the
EE platform (p, € R?), and the ground wrenches of each leg (u € RS).
The quantities n;, m,; and p; are computed by forward integration of (14),
R;(s;) € SO(2) are the 2D rotation matrices of the legs, and a; and b;
are the vectors representing the rigid segments of the mechanism. Finally,
fr denotes the external force applied at the EE and pges corresponds to a

desired position of the EE, imposed by the user or the environment.
Following the method presented in Section 2.2, we choose the bending
stiffness and pre-curvature radius of each leg for the model parameters vector:
p = [kv1,7c1, kb2, rCQ]T € R*. Other parameters such as the length of the legs
and the rigid segments could also be studied, but here they are considered
constant. The state sensitivity of each leg is then computed by applying the
model in Equation (14) to Equation (8). The resulting matrices IT; and ITy
are then used to compute the analytical expression of the Jacobian matrix
%. Finally, the full state sensitivity matrix of the robot II, is computed

using Equation (9). In this paper we are interested in studying the behavior
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Table 1 Simulation parameters

Symbol Value Unit
l; 250 mm

a; 45 mm
b; 35 mm
d 200 mm
w 2 mm
h 10 mm

fP [071] N
kp;  1.83¢2 N.mm?
Tel -1000  mm

Fig. 1 RFRFR robot parametrization Skp;  4.73¢® N.mm?
OTci 100 mm

of the EE position, thus we define a reduced state y,. = pp, whose sensitivity
matrix IT, is:
Oyr
I, = p =811, (16)
with & € R™*"v g selection matrix, that allows us to extract the elements
of matrix IT, that correspond to the reduced state. As such the reduced state
sensitivity kernel matrix is:

K, =SKn,S" (17)

In order to visualize the uncertainty ellipsoid described in Equation (13), we
take the singular value decomposition of the kernel sensitivity matrix, i.e.
Kpn, = UXVT. Then we use the U and V matrices to transform a unit
circle centered at the EE position, thus obtaining an ellipsoid in the yz-plane
centered at the point p, with semi-axes of length V.

To verify the validity of the presented method we select four points in-
side the robot’s workspace (points A to D in Figure 2), for which we solve
the robot model with nominal parameters and compute the uncertainty el-
lipsoids described in (13). Then, we simulate 2000 perturbed configurations,
for which each parameter in p is chosen following a Gaussian law centered
at the nominal value p};, and with a standard deviation o,,, = dp;;/3. The
resulting perturbed parameters will lie inside the interval described in (6)
in 99.7 % of cases according to the 30 rule. As shown in Figure 2, the per-
centage of perturbed positions that lie within the ellipsoid surpasses 97 %,
with the exception of point D. As shown by the size of the ellipsoid, point
D is located in a high sensitivity zone. Furthermore, we can observe that the
uncertainty ellipsoids are consistently stretched along one direction. In our
case, this is explained by the fact that the largest eigen value in matrix Kpr,
is always the one associated to the bending stiffness of the flexible segments,
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A: P, =97.90% B: P, =98.06%
8
- g e R T “
I m* :;'
o ~
N Vi
2a = 5.80 ~ .
2% _ £
265 N
C: P, =99.50% D: P.=81.23%
[a\] r:‘
= & ‘
I S / & ‘ ! ﬁ
o Vi
N & —0.2-0.15-0.1-0.05 O
2a = 18.24 R
, y[m]
b )
S 25
mUE with semi-axes a and b (in mm) 101 10° 10! 102 103 10%

+ Perturbed EE positions inside (blue) and outside (red) the UE

P, : Percentage of perturbed positions inside the UE Max semi-axis [mm]

Fig. 2 Uncertainty Ellipsoids (UE) in different Fig. 3 Sensitivity analysis of half of
workspace locations the robot’s workspace

thus showing that the CPR is more sensitive to variations of the bending
stiffness of its legs than variations of their pre-curvature radius.

In order to evaluate the EE sensitivity across the workspace, we compute
the largest uncertainty ellipsoid semi-axes in a discretized portion of the
robot’s workspace, as seen on Figure 3. Note that, using the simulation pa-
rameters of Table 1, the robot’s workspace is symmetric relative to the z-axis.
The lowest sensitivity values are obtained at the edge of the workspace while
the high sensitivity values form a ring near the center of the base. There-
fore, in the majority of the workspace, the ellipsoids presented in Figure 2
accurately encapsulate the clouds of perturbed EE positions. These results
could be used to plan a trajectory passing through low sensitivity zones, in
which the robot will be inherently more robust to parametric uncertainty.
Additionally, the high sensitivity zones of Figure 3 seem to match the zones
where Type 2 singularities arise which are delimited by the T2 line. These
singularities are computed by following the method presented in [4], and cor-
respond to configurations where a small displacement of the motors leads to
a large displacement of the EE, separating the workspace between zones of
stable and unstable robot configuration.



Sensitivity Analysis of a RFRFR Continuum Parallel Robot 9

4 Conclusion

In this paper we provide a quantitative metric that links the impact of para-
metric uncertainty in the robot model, to the position of its end-effector. The
method has been validated through simulations, and allows us to identify high
and low sensitivity zones in the robot’s workspace.

A notable limitation of the method is the fact that a preliminary testing
campaign must be performed to find the variation range of the parameters.
Additionally, the parameters should not deviate too much from their nominal
value as the use of a first order approximation would no longer be valid.

Future perspectives include increasing the numbers of parameters in the
model, generalizing the method to the 3D case and make use of this sensitivity
metric for design optimization and trajectory planning.
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