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Abstract Manipulating continuum rods poses significant challenges as real-
time shape reconstruction requires both high accuracy and low computational
cost. While exact models generally do not satisfy real-time requirements, ap-
proximate models speed-up computation at the expense of accuracy. This
work aims evaluates the performance of a strain-based cubic interpolation
model in reconstructing the shape of a clamped-clamped rod for different tip
poses. In particular, planar experiments are conducted to test the model’s
accuracy. As experimental studies in this context remain limited, this work
aims to take a step toward real-world assessment. The results show excel-
lent performance with a small relative error, between interpolated and exact
models, of 0.84% when extracting the rod shape with a camera.

1 Introduction

Continuum rods are gaining increasing interest in the robotics community,
serving as fundamental components in Tendon-Driven and Parallel Contin-
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Fig. 1 Graphic representation of the main quantities involved in the geometric descrip-
tion of the rod. Fτ is the material frame at τ , while F0 and F1 are the frames at the
extremities of the rod. R(τ) and r(τ) are, respectively, the frame’s orientation and po-
sition.

uum Robots or as end-effectors for dual manipulation tasks. Despite their
versatility in applications ranging from surgical [?] to space orbital tasks [?],
their elastic behaviour still poses crucial modelling challenges. Exact models
consist in partial differential equations that are computationally expensive
and often do not admit analytical solution. To overcome this mathematical
complexity, researchers spent their effort into two main directions. The first
one uses learning-based approaches, bypassing analytical complexity by train-
ing models on embedded features or vision data, to control the rod shape [?].
While real-time suitable, these often lack of generality compared to physics-
based models. The second direction relies on approximate analytical models,
leveraging beam theories to face the challenge posed by computational com-
plexity and solution accuracy. Among the two, this work embraces the second
one and studies the performance of a strain-based model [?] in reconstructing
the shape of a clamped-clamped rod. Experiments assessing performance in
this field are still limited and certainly not numerous. Therefore, this paper
tries to move a step towards real world. In particular, rod models and their
notation are briefly reviewed in Section 2. Experimental procedure, materi-
als and methods are presented in Section 3. The Conclusion 4 wraps-up the
results and future developments.

2 Rod Model

When speaking about rod models, probably, the foundational work carried
out by [?] is a major reference in the field. In their work, the concept of
Finite Element Method (FEM ) is extended considering rotations in addi-
tion to displacements, leading to the well-known Geometrically Exact FEM
(GE-FEM ). Under the small-deformation assumption, subsequent develop-
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ments shifted the approximation from displacements to strain fields, first
considering piecewise-constant strains [?] and later variable strain formu-
lations [?], [?], [?]. This section recalls the main equations of the variable
curvature strain-based model presented in [?]. In particular, the extensive
use of Lie group properties is made to both get insight on rod physics and
fasten the computation [?], [?]. Let us consider a slender rod whose elastic
behaviour can be described with an inextensible Kirchhoff model. Call with
τ ∈ [0, 1] the normalised material coordinate and express with R(τ) and r(τ)
the orientation and the position of the material frame at τ . The x−axis of
the frame will be aligned with the rod centreline, as shown in Figure 1. The
frame’s spatial evolution can be described as a function of the canonical co-
ordinates x yielding the curvature as κ(τ) = dexpx(τ)x

′(τ) and the position
derivative as r′(τ) = exp x̃(τ) e1, with (·)′ = ∂/∂τ . Imposing twists and their
derivatives using a cubic interpolation yields a polynomial approximating the
canonical coordinate x[3] and, consequently, the curvature κ[3] and the posi-
tion r[3]. Therefore, a third-order approximation of the solution of the above
ODE for x(τ) is

x[3](τ) = (3τ2 − 2τ3)x1 + τ(τ − 1)2κ0 + (τ3 − τ2)dexp−1
−x1

κ1,

with κ0, κ1 initial and final curvature values, x1 final twist and dexp :
so(3) → so(3) differential of the exponential map [?]. The derivative of x[3]

yields the curvature

κ[3](τ) = dexpx[3](τ)x
′[3](τ). (1)

The position is also obtained in terms of x[3](τ) and can be integrated by
quadrature

r[3](τ) =
τ

2

( s∑
i=1

αiexpx[3] p̄i e1

)
, (2)

with e1 =
(
1 0 0

)T unit vector, αi Legendre weights and p̄i := 1
2 (1 + pi)τ

and pi Gauss points. At this point, the shape reconstruction problem, where
the rod tips are imposed, can be reformulated as a Boundary Value Problem
(BVP). While typically one is taken as the identity R0 = I, r0 =

(
0 0 0

)T,
the other is prescribed in terms of x1 and r1. The interpolation structure, that
is substituing Eq. (1) into Eq. (2), implicitly satisfies orientation requirements
when position ones are met, yielding a sole geometric constraint to satisfy.
Therefore, the BVP is recast into a constrained energy minimization problem
subject to the sole tip position constraint

min
κ0,κ1

V [3]
κ (x1,κ0,κ1)

s.t. g(κ0,κ1) = r1 − r(1) = 0, (3)

with potential energy obtained by quadrature
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Fig. 2 Experimental setup.

Fibreglass Rod Parameters
Young’s Modulus 35× 109 Pa
Shear Modulus 3× 109 Pa
Diameter 2× 10−3 m
Length 0.6 m

Camera Parameters
Focal length x 604.51 px
Focal length y 606.07 px
Principal point x 655.22 px
Principal point y 362.41 px
Camera height 0.324 m

Table 1 System parameters.

V [3]
κ (x1,κ0,κ1) =

1

2

s∑
i=1

αi(κ
[3](τ)− κ̄[3](τ))TKκ(κ

[3](τ)− κ̄[3](τ)), (4)

where Kκ is the bending-torsion stiffness matrix, κ̄ is the reference curvature
and R = expx1 is the prescribed tip orientation, with exp : so(3) → SO(3).
The minimization problem fully describes the kineto-static problem [?]. No-
tice that it can be solved with a Newton-Raphson iterative scheme which up-
dates the initial and final curvature parameters κ0 and κ1 until convergence
is met. This formulation potentially admits analytical closed form, lowering
the computational cost.

3 Experiments

The aim of the experiments consists in assessing the model’s accuracy when
reconstructing the shape of a fibreglass rod clamped at both ends. Indeed,
the metric used here consists in comparing the interpolated model solution
with the experimental measure of the rod shape; the same is done with the
numerical exact model. The experimental shape is retrieved via images ac-
quired using a camera and exploiting the contrast between the rod and the
background to extract the rod profile [?]. Other common strategies involve
force measurements [?] or recognition of features embedded on the rod, such
as ArUco markers [?] or virtual features [?].
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Fig. 2 Reconstructed rod shape in pixels (magenta) overlaid on the original image.

3.1 Set-up and Assumptions

The procedure uses a planar setup with the rod lying entirely on a plane
assumed parallel to the camera’s image plane. This geometric assumption
allows using a single camera for shape extraction. Moreover, the influence of
gravity can be neglected reducing the sources of error while measuring. The
rod parameters can be found in Table 1. In this case, since the rod is slender,
assuming the material isotropic is acceptable and realistic. The hardware
used for the mentioned tests is shown in Figure 2. It consists of a support
frame holding a camera1 and two bar lights, oriented down looking at the
table. The camera parameters are reported in Table 1, while its alignment is
set with a digital inclinometer ensuring planarity and minimizing perspective
distortions. Images are then collected through a laptop and processed with
MATLAB. The area of interest is covered in white while the rod is painted
with black to maximize contrast reducing the sources of error. Meanwhile, the
rod tips are clamped using ad-hoc plastic blocks designed to automatically
set the desired angles with respect to the fixed reference.

3.2 Shape Extraction Procedure

The rod shape is reconstructed using a skeletonization process, reducing the
rod profile, i.e. centreline, to single-pixel-wide curves. In particular, skele-
tonization produces multiple possible skeleton branches, among which the
rod centreline is selected. The selection can be made in several ways, here
the longest branch is used while discarding short spurs due to reflections
or background objects. Figure 2 shows an example of reconstructed skele-
ton pixels overlaid in magenta on the original image. The pixels are then
transformed into ordered coordinates and interpolated to obtain a contin-
uous representation of the rod. Two sorting strategies were investigated. A
nearest-neighbour method, that orders points by greedily selecting the closest
unvisited neighbour, starting from the leftmost pixel. While computationally
efficient, this approach is noise sensitive and tends to preserve local pixel-level

1 Intel Real Sense D405 with RGB resolution of 1280× 720, frame rate of 30 fps and an
operative range of 0.07− 0.50 m.
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Fig. 3 Experimental shape extraction. Left: original image with the centreline’s pixels.
Right: comparison between experimental, interpolated and exact shapes.

irregularities, resulting in oscillatory reconstructions. On the other hand, a
graph-based strategy computes the shortest path between the two farthest
endpoints of the skeleton, yielding a geodesic curve that captures the rod
shape using only 30%–50% of the skeleton points. Although computationally
demanding, it provides greater robustness and smoothness. In this work, only
results obtained with the graph-based algorithm are presented. However, for
a discussion on the nearest-neighbour algorithm the reader is referred to [?].
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MEAN [m] STD DEV [m] MAX [m]
Exact 4.2× 10−3 0.70% 2.2× 10−3 0.37% 1.75× 10−2 2.9%

Interp 4.7× 10−3 0.78% 2.4× 10−3 0.40% 1.75× 10−2 2.9%

Table 2 Standard deviation, mean and maximum errors of exact and interpolated mod-
els against experimental reference.

(a)

Interpolated

Exact

(c)

(b)

Relative error

Fig. 4 For each test case, the mean, standard deviation and maximum errors are re-
ported for (a) the interpolated model and (b) the exact model, while (c) reports the
relative errors.

3.3 Results

A total of 33 non-overlapping rod shapes are analysed, ranging from U- and S-
shapes to chart-like shapes, see Figure 2. For each test, a single frame is used
to extract the centreline and compare it against the models. Three shapes
are depicted in Figure 3 where, on the left, the results of the extraction are
reported while, on the right, simulations and experiments meet. Thus, the
quantitative analysis is based on point-wise shape error, defined as

e(τ) = ||rmodel(τ)− rexp(τ)||. (5)
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Figure 4 and Table 2 summarise the results across all tests. For each of
them, the mean configuration error, its standard deviation and the maximum
error are reported. Since the tests are independent and their order is not
informative, results are sorted by increasing the mean error of the interpolated
model Figure 4-(a), with the corresponding exact model results Figure 4-(b)
following the same ordering. Moreover, for each test, the difference between
the exact and interpolated mean errors Figure 4-(c) is also reported, here
referred as relative error. The mean shape error for the interpolated model
remains below 0.78% of the rod length (4.7 × 10−3 m), while the maximum
error does not exceed 2.9%. The tests with higher errors are common to both
models, suggesting that these discrepancies are primarily due to uncertainty
in shape extraction rather than modelling errors alone. The exact model
achieves slightly lower mean 0.70% and maximum 2.9% errors, although the
improvement is marginal. The relative discrepancy between the exact and
interpolated solutions remains below 0.84%, 5.2 × 10−3 m in test 22, when
the interpolated model performs better than the exact and below 0.71%,
4.3 × 10−3 m in test 24, when the exact model result is more accurate than
the interpolated.

4 Conclusion

This work proposes a strategy to evaluate the performance of strain-based
rod models. Vision-based experiments were conducted in a planar setting, ex-
tracting the rod shape with a skeletonization approach. Then, the accuracy
of an existing strain-based interpolation model was evaluated comparing its
predictions with experimental shapes and numerically exact solutions. Across
all the tests, the maximum deviation from the experimental shape remained
below 2.9% of the rod length, with an average error of 0.78%. These results
indicate that the interpolation approach provides a reliable rod approxima-
tion within the considered operating regime, while also highlighting the role
of experimental uncertainty in the observed discrepancies. For tightly bent
shapes, the fibreglass rod can experience instabilities, slipping out of the
working plane. While these cases were excluded from this planar analysis,
they highlight the need for spatial methods. However, generalizing the skele-
tonization approach would require additional cameras and frame synchro-
nization, which could be complex. Consequently, a different shape extraction
method has been adopted for spatial validation [?].
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