On the Displacement Variety of the RSR Linkage

Jon M. Selig and Vincenzo Di Paola

Abstract The RSR limb has been used as a component of several robotics mech-
anisms. In this work we show that the space of possible rigid displacements that
the end-effector of such a linkage can achieve is given by the intersection of the
Study quadric with a quartic hypersurface in P7. The computation involves casting
the problem as a geometric constraint problem. We seek the rigid displacements that
move a circle so that it remains in contact with a fixed circle. The computation is
facilitated by a classical representation of circles in space by lines in 4-dimensions.

1 Introduction

Consider a serial linkage consisting of an open chain of an R, an S and a final R joint.
The displacement variety of such a limb is the variety of all rigid-body displacements
that the end-effector of the linkage can adopt relative to its fixed home configuration.
Since the linkage has 5 degrees of freedom we may expect that the displacement
variety is the intersection of the Study quadric with another hypersurface in P’.

This limb has been considered in recent studies as a component in various parallel
manipulators, in particular, the Canfield joint [1]. In [2] several kinematic equivalent
linkages were synthesised to avoid the use of a spherical joint and in [9] it was
observed that the chain was equivalent to a certain origami construction and used to
design a continuum robot.
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Circle 1

Circle 2

Fig. 1 Two Circles determined by an RSR Chain.

To turn this in to a geometrical constraint problem fix a circle with centre lying
on the axis of the first R-joint and passing through the centre of the S-joint in its
home position. For the second R-joint we have another circle defined in the same
way. As the chain moves the first circle stays fixed but the second circle moves with
the second R-joint. The two circles must, however, remain in contact at the centre of
the S-joint. See figure 1.

Classically, spheres can be represented using pentaspherical coordinates,

Cx
Cy ¢
é = c, = -1/2 ,
-1/2 (p* - 121%) /2
(* —1d%)/2

where ¢ = (cy, cy, c,)T are the coordinates of the centre of the sphere and p its
radius, see [3, 8]. Multiplying these coordinates by a non-zero constant gives the
same sphere, these are coordinates in a 4-dimensional projective space, P*.

In this formalism a point 7 = (x, y, z)” can be given by a vector

x
y 7
P=| z |=[IF?].
I7|? 1

This is so that the condition for the point to lie on the sphere is, 77

equation of a sphere with centre ¢ and radius p is given by
(F =) =p.

Now, circles in space can be represented by pencils of spheres. The set of spheres
that a given circle lie on comprise a linear system of spheres. Hence, we may represent
circles by lines in P*, see [5].

é = 0, since the
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2 Pliicker Coordinates of Circles

The set of lines in a P* is a variety known as a Grassmannian and denoted G (1, 4).
According to Harris [4], this is a six dimensional variety. The Pliicker embedding
maps it to a degree 5 subvariety of P?.

Suppose that (@, a2, @3, @, as) and (81, B2, B3, B4, Bs) are two points in P*
then the Pliicker coordinates of the line through these two points are,

pij:aiﬂj—ajﬁi, i,jzl, 2,...,5, l:/:J (1)

There are 20 such Pliicker coordinates but only 10 linearly independent ones since
pij = —pji- Notall choices of Pliicker coordinates give lines in P4, the Grassmannian
is defined as a projective algebraic variety by the Pliicker relations. In this case these
are given by five quadratic equations,

P23P4s — p2ap3s + paspss =0,
P31P45 + p1ap3s — pispsa =0,
P12P45 — p1ap2s + pi5spas =0, )
P12P35 + p31pas + pisp23 =0
P12P34 + p31p24 + p1ap23 = 0.
The ten linearly independent Pliicker coordinates can be grouped into 3 sets of 3
coordinates plus one extra.
For a circle determined by a pair of spheres ¢; = (E’IT, -1/2, (p% - ¢ |2)/2)T
and é = (7, —1/2, (p3 - |€2|2)/2)T we get,

pia\ 4 P23
P24 =7(51—52)=1Z and P3| =1 X e =
P34 P12

where i is normal to the plane that the circle lies in and ¥ is the moment of the line
joining the centres of the spheres. The final group of three components is,

Pis
P2 | =
P35

(€13 = &) = E(pt = &) = W,

N =

The tenth component is given by,

-1 N N
pas = —((p3 = 1&) = (p] = 1&1*)) = 6.

This quantity is related to the perpendicular distance between the origin and the
plane determined by the circle.
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The Pliicker coordinates of a circle in this order will be written as a 10-component
vector partitioned as

|
1l
SORR-YAR ST

The Pliicker relations (2) can be written in terms of these vectors. The first three
of the relations can be combined into a single vector equation,

ixw—6v=0.
The final pair of relations can be written as scalar equations,

i-v=0 and v-w=0.

3 The Condition for Two Circles to Meet

Assume that each of the two circles is given as the intersection of a pair of spheres.
So, there are in all four spheres which we may assume are given as,

ai Bi 71 01
@ B Y2 02
¢i=|az|, &=|B]|, &=[ys|], & =]
ay Ba Y4 04
as Bs Y5 0s

If there is a point 7 = (0'1 , 07, 03, 04, 0'5)T that lies on the two circles it will lie on
all four spheres and so will satisfy the four linear equations,

e =0, fMe=0, #Té3=0, #1é=0.

These can be solved by determinants and written in terms of the Pliicker coordinates
of the circles. Suppose the Pliicker coordinates of the first circle, the intersection of
the first two spheres are i1, vi, w; and &, and similar for the second circle — the
intersection of the other two spheres. The solution for the linear equations is given
by the polarisation of the Pliicker relations, (2),

rx
ry|= —/1(1,71 X 1/722 + ﬁz X VT/l - 51172 - 52\71),

Iz

rq = —/l(\_;l . \/T/z +172 . VT/l) and rs = /l(ﬁl . 172 +172 . \71)
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Here A is an arbitrary non-zero constant and hence irrelevant for the homogeneous
coordinates of the point. These coordinates may not be the coordinates of a point
in space. For this point in P* to represent a point in space we must have that
ry +ry +r2 —rqrs = 0. Hence, the condition for a pair of circles to meet at a point
in space is

|IZ1 XVT/2+L_£)2X1/_1;I —(51\72—52\71|2+(ﬁ1 ~\72+IZ2 \71)(171 ~1/T/2+172 VT/l) =0. 3)

Notice, this equation is separately of degree 2 in the Pliicker coordinates of each
circle. The equation can be written in a vector-matrix form as

71 (Qu+ 0172 =0, )

where ﬁzT are the Pliicker coordinates for the second circle, Q, and O}, contain only
Pliicker coordinates for the first circle. In partitioned form the two 10x 10 symmetric
matrices can be written,

W -6\ Wy WU —W1¥, 0 viwl YT 0

_ 01 W 5%] 01U, 5131 d _1 W)l\_;T L_l)lv_t;{+v_1)/1b_t){ 51171%0
Qa=l_yw, —,uy -2 -Uw, |2 =555 sl 0 ol
viwy o7 STuy ) 0 0 0 0

where [ is the 3 X 3 identity matrix, and U; is the 3 X 3 anti-symmetric matrix
corresponding to the vector i, and so forth.

4 The Displacement Variety

Under arigid-body displacement points in space transform according to, ¢ — RC+7,
where R is the usual 3 X 3 rotation matrix and 7 is the translation vector of the
displacement. The normal to the plane that a circle lies on, is a free vector so
transforms as i —— Ri. The moment of the circle’s axis transforms as Vv +——
2T Rii+RV, where T it the 3X3 anti-symmetric matrix corresponding to the translation
f. The transformation of the remaining Pliicker coordinates of a circle can also be
found and these relations can be combined into a single relation, p — Gp, where
G is the 10 x 10 matrix partitioned as

R 0 00
2TR R 00

G= (I7)>1 = 26f")R -TR R 27| )
TR 0 0 1

Now, suppose that p; and p, are the Pliicker coordinates of a pair of circles
determined by the home configuration of an RSR chain. The first circle will be fixed
but the second circle can perform rigid-body displacements but restricted to those
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that keep the pair of circles in contact, equation (4). The set of group elements
satisfying this constraint will therefore satisfy the equation

P1G"(0u+0b)GP, = 0. ©)

This is an equation in terms of the components of the 3 X 3 rotation matrix R,
and translation vector 7. It is usually more useful to have an equation in terms of
the Study parameters, ao, .. ., as, co, . . ., c3, (see [6] for details of dual quaternions
and the Study parameters). This can be done by substituting for R and 7 using the
relations given in, among many other places, [7]. For example,

a% + a% - a% - a% 2(a1a2 - aoa3) 2(a1a3 + a()az)
R=—| 2(ajaz + apas) a%—a%+a§—a§ 2(azasz — apay) |,
2(ayasz — apaz) 2(azas + apay) a(z) - a% - a% + a%

where A = a} + a} + a3 + a3 and
apC) —ajco+azcsy —ascy

apcy —ajc3 —azco +ascy
apcz +ajcy —azcy —ascy

;_2
A

The other elements of G can also be computed. In doing so the quadratic Qg =
apco+ajci+axcy+ascs can be set to zero. This is justified as we are only interested
in rigid-displacements and these lie on the Study quadric, Os = 0. The results
all have the common factor (1/A), since the Study parameters are homogeneous
coordinates in a P’, we can multiply the matrix G in (5) by A to produce a matrix all
of whose elements are quadratic in the Study parameters. From this it is clear that
substituting these results into (6) will produce a homogeneous equation of degree 4
in the Study parameters. Together with the Study quadric, this defines a projective
algebraic variety containing all the rigid displacements that the end-effector of an
RSR chain can adopt. However, the general form of the polynomial has a large
number of terms, so the full, general polynomial will not be given here. Rather, we
look at a simple example, which illustrates the idea.

S Example

Consider the home configuration of an RSR linkage illustrated in figure 2. We need
to find the Pliicker coordinates of the two circles determined by this configuration
of the linkage. First notice that, the S-joint is located at the origin, so the planes
containing each circles also contain the origin. Thus both §; and ¢, are zero. Next,
the direction of the axes of both circles lie in the z-direction. So,
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Fig. 2 Home Configuration of the Example RSR Linkage.

0
ui=ur=| 0
-1/2
The moments of these axes are then
0 0
\71 = d1 and \72 = —d2 .
0 0

Finally, notice that the position vector of the centre of any sphere which passes
through the origin must have squared length equal to the square of the sphere’s
radius. Hence, both (p} — |¢1|?) = 0 and (p3 — |c2|*) = 0. Hence, both w; = 0 and
Wy = 6, and 6, = &, = 0. Thus the two circles have Pliicker coordinates

~1/2k ~1/2k

— dij — —drj
= - d = -
P G and p, 5
0 0

This enables us to compute the 10 X 10 symmetric matrix Q. We can also substitute
the entries of G for the Study parameters using the results of the previous section.
Finally, substituting all these results into equation (6) then gives the equation for the
displacement variety,
2
((20062 +coaz(dy — dp)) + (aica — aoc3)(dy + da) + (2c1¢3 — azei (dy — dz)))

+4d1 (COC1 —C2C3+(a161+a363)d2) ((2(1262+(12(13 (dl —dz))+(2(llcl —aopag (d1+d2)))

+4(coct — cacs + (arey +azes)ds)’ = 0.
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This equation clearly has degree 4 in the Study parameters. Moreover, we can see
that setting co = ¢; = ¢ = ¢3 = 0 reduces the equation to O = 0. This means that the
A-plane of pure rotations about the origin lies in the displacement variety. This is
consistent with the fact that the centre of the S-joint was located at the origin in the
home position, so any rotation about the origin can be performed by the end-effector
of the chain.

6 Conclusions

The intersection of this displacement variety with the A-plane of unphysical displace-
ments is of interest. This A-plane is given by ap = a; = a> = a3 = 0, substituting this
into the equation above gives the equation of the intersection as (C% +c§) (c% +c%) =0.
So, the intersection is given by four 2-planes, c¢3 = +icg, c» = +ic, where i is the
imaginary unit here. The four planes meet in 6 lines which comprise the edges of
a tetrahedron. Four of these lines, (¢3 = icg, ¢a = icy), (¢3 = icg, cp = —icy),
(c¢3 = —icy, ¢ = icy) and (¢3 = —icg, ¢ = —icy) lie in the complex 2-sphere

c% + c% + c% + c% = 0, hence so do the vertices of the tetrahedron. The importance of

these features, the infinite A-plane and the complex 2-sphere contained in it, are that
they are invariants under the action of the group of rigid-body displacements SE (3)
on the Study quadric. Hence we can expect such an arrangement of planes and lines
to be a feature of the displacement variety of any RSR limb.
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